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Abstract 

In this article we construct a canonical Kahler-Einstein current on a 
LC (log canonical) pairs of log general type as the limit of a sequence of 
canonical Kahler-Einstein currents on KLT(Kawamata log terminal) pairs 
of log general type. We call the volume form associated with the canonical 
Kahler-Einstein current the canonical measure of the LC pair. We prove 
that the relative canonical measure on a projective family of LC pairs of 
log general type defines a singular hermitian metric on the relative log 
canonical bundle and the metric has semipositive curvature in the sense 
of current. This is the first semipositivity result for relative log canonical 
bundles of a family of LC pairs in general dimension. 

Our proof depends on certain Ricci iterations and dynamical systems 
of Bergman kernels. MSC: 53C25(32G07 53C55 58E11) 
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1 Introduction 

In |T9| I have constructed canonical measures in terms of the dynamical sys- 
tems of Bergman kernels. This dynamical construction is considered to be a 
polynomial approximation of canonical measures and naturally leads us to the 
logarithmic pluri-subharmonicity of relative canonical measure on an algebraic 
fiber spaccQ with nonnegative relative Kodaira dimension ( |T9] ) . 

In algebraic geometry, it is natural and useful to consider KLT pairs in- 
stead of projective varieties themselves. For example the finite generation of 
canonical rings has been proven not only for smooth projective varieties but 
also KLT pairs ( [B-C-H-M] ). Moreover the proof of the finite generation in 
[B-C-H-M] also depends on the generalization to KLT pairs. Another example 
is the canonical bundle formula which reduces the canonical rings of projective 
varieties of arbitrary Kodaira dimension to the log canonical rings of KLT pairs 
of log general type ( |F-Mj ). 

In this way generalizations to KLT pairs are quite essential in algebraic 
geometry. Roughly speaking in differential geometric context, to consider KLT 
pairs corresponds to consider orbifold structures on the projective varieties. 

But so far most of the results for KLT pairs have not yet been generalized 
to the case of LC pairs. For example, the finite generation of log canonical 
rings of LC pairs has not yet been proven. The main reason is that the usual 
tools to study KLT pairs, such as the branched covering trick, variation of Hodge 
structures and the Kawamata-Viehweg vanishing theorem are no longer effective 
in the case of LC pairs. At present there are big obstacles to go beyond KLT 
pairs. 

The purpose of this article is to extend the results in |T7[ IT9] to the case 
of LC pairs of log general type. More precisely, first we extend the reuslt in 
[T7[ IT9] to the case of KLT pairs and then passing to the limits, we extend the 
results to the case of LC pairs. 

The new feature here is the use of Ricci iterations. In fact, in this case 
we cannot construct the Kahler-Einstein current in terms of a single dynamical 

1 Throughout this article, an algebraic fiber space / : X — > Y means that X ,Y are smooth 
projective and / is a dominant morphism with connected fibers. 
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system of Bergman kernels and the construction requires another dynamical 
system, namely Ricci iterations. 

The main motivation to construct canonical Kahler-Einstein currents in 
terms of dynamical systems of Bergman kernels is to prove the semipositivity of 
relative (log) canonical bundles or the direct images of the pluri(log)canonical 
systems in terms of the recent break through due to Bo Berndtsson which proves 
the pluri-subharmonic variation properties of Bergman kernels (|B1, B2 ( B3 ). 

We note that the corresponding result has already been obtained in the con- 
text of algebraic geometry much earlier (almost 30 years ago) by Y. Kawamata 
in terms of variation of Hodge structures as follows. Let / : X — > Y be an 
algebraic fiber space over a projective curve Y . In [KaT], Y. Kawamata proved 
that for every positive integer m, f # Ox(K^Jy.) is semipositive in the sense that 
any quotient of it has semipositive degree on Y. Since then, this result has 
been used extensively in algebraic geometry. Later Kawamata generalized his 
result to the case of KLT pairs ( Ka2]. [Ka3l p. 175, Theorem 1.2]). In particular 
he proved the subadjunction theorem f |Ka2j ). We note that the KLT condition 
is quite essential in his argument bacause he applied the theory of variation 
of Hodge structures ([G | ISch| ) after taking a suitable branched covering of the 
original variety. Hence in this sense LC pairs are out of reach of the Hodge 
theorjU. 

The advantage of the differential geometric method in this article is two 
folds. First, it gives a canonical metric with semipositive curvature in the sense 
of current on the relative log canonical bundle of a projective family of LC pairs. 
The canonicity of the metric is quite essential to consider the moduli problems. 
See |T8] for other canonical metrics. Second, it gives a general method to 
consider LC pairs as a limit of KLT pairs. Although LC pairs are out of reach 
of the Hodge theory, nevertheless intutively, a LC pair is a limit of a sequence of 
KLT pairs. Hence it is natural to expect that if one obtains a theorem for KLT 
pairs, then the corresponding result for LC pairs would be obtained by taking 
a limit in a suitable sense. In fact we implement this philosophy in terms of 
canonical Kahler-Einstein currents on KLT pairs and obtain the semipositivity 
of the relative log canonical bundle for a family of LC pairs (Theorem 11.101) . 
The prototypes of this kind of argument were already observed in [Til IT2] 
(cf. Example (|2.9p ). where I considered a quasiprojective manifold as a limit of 
orbifolds. I hope that we may justify the philosophy in much broader context 
in future and construct the theory of LC pairs such as finite generation of log 
canonical rings of LC pairs. The new feature here is that the semipositivity is 
not on the direct image, but on the relative log canonical bundle itself. Unlike 
the KLT case, this is an essential difference, i.e., it seems to be difficult to obtain 
the semipositivity of the direct images of relative pluri log canonical systems for 
a projective family of LC pairs in general. 

The organization of this article is as follows. In Section 1, 1 explain the results 
in this article. In Section 2, I prove the existence of canonical Kahler-Einstein 
currents on LC pairs of log general type. In Section 3, I construct a Ricci 
iterations which converges to the canonical Kahler-Einstein current on LC pairs 
of log general type. In Section 4, I decompose the Ricci iteration into a series 
of dynamical systems of Bergman kernels. In Section 5, I prove the logarithmic 
pluri-subhamonicity of canonical Kahler-Einstein volume forms on a projective 

2 Maybe we may use mixed Hodge theory. But it is not clear now. 
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family of LC pais. In Section 6, I apply the pluri-subhamonic variation property 
of relative canonical measures to deduce the weak semistability of the direct 
images of relative pluri-log-canonial systems for a projective family of KLT 
pairs. This is a direct application of the result in Section 5 and Viehweg's 
ingeneous ideas in [V] , 
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Notations 

• For a real number a, [a] denotes the minimal integer greater than or equal 
to a and [a\ denotes the maximal integer smaller than or equal to a. 

• Let X be a projective variety and let D be a Weil divsor on X. Let 
D = ^diDi be the irreducible decomposition. We set 

(1.1) \D] := £r*l A, ID\ := £[diJ A- 

• Let / : X — ► Y be an algebraic fiber space and let D be a Q-divisor on 
X. Let 

(1.2) D = D h + D v 

be the decomposition such that an irreducible component of SuppZ? is 
contained in SuppZ)' 1 if and only if it is mapped onto Y. D h is the 
horizontal part of D and D v is the vertical part of D. 

• Let (X, D) be a pair of a normal variety and a Q-divisor on X. Suppose 
that Kx + D is Q-Cartier. Let / : Y — >Xbea log resolution. Then we 
have the formula : 

K Y = f*{K x +D)+J2*i E i> 

where E{ is a prime divisor and a, € Q. The pair (X, D) is said to be 
subKLT(resp. subLC, if dj > —1 (resp. a. L ^ —1 holds for every i. 
(X,D) is said to be KLT (resp. LC), if (X,D) is subKLT(resp. subLC) 
and D is effective. 

• Let X be a projective variety and let C be an invcrtible sheaf on X . C is 
said to be semiample, if there exists a positive integer m such that |£® m | 
is base point free. 

• / : X — ► Y be a morphism between projective varieties. Let C be an 
invertible sheaf on X. C is said to be /-semiample, if for every y € Y, 
C\f~ 1 (y) is semiample. 
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• Let D, D' e Div(X) ® Q be Q- Cartier divisors on a normal projective 
variety X. We denote 

D < D\ 

if D' — D is effective. 

• Let L be a Q-line bundle on a compact complex manifold X, i.e., L is 
a formal fractional power of a genuine line bundle on X. A singular 
hermitian metric h on L is given by 

h = e -' p ■ h , 

where h n is a C°° hermitian metric on L and ip € Lj oc (X) is an arbitrary 
function on X. We call ip the weight function of h with respect to h n . We 
note that h makes sense, since a hermitian metric is a real object. 

The curvature current Oh of the singular hermitian Q-line bundle (L, h) 
is defined by 

<dh ■= &h + ddtp, 

where ddip is taken in the sense of current. We define the multiplier ideal 
sheaf T{h) of (L, h) by 

X(h)(U) := {/ G O x (U); |/| 2 e^ G L^)}. 

where t/ runs open subset of X. 

• For a closed positive (1, 1) current T, T a fc c denotes the abosolutely contin- 
uous part of T. 

• For a Cartier divisor D, we denote the corresponding line bundle by the 
same notation. Let D be an effective Q-divisor on a smooth projective 
variety X. Let a be a positive integer such that aD is Cartier. We 
identify D with a formal a-th root of the line bundle aD. We say that a 
is a multivalued global holomorphic section of D with divisor D, if a is a 
formal a-th root of a global holomorphic section of aD with divisor aD. 
And 1/ 1 cr| 2 denotes the singular hermitian metric on D defined by 

1 . hp 
\a\ 2 h D (cj,<jy 

where ho is an arbitrary C°° hermitian metric on D. 

• For a singular hermitian line bundle (F, hp) on a compact complex mani- 
fold X of dimension n. K(X 7 Kx + F, hp) denotes (the diagonal part of) 
the Bergman kernel of H°(X,O x (K x +F)®T(h F )) with respect to the 
L 2 -inner product: 

(1.3) (<t,ct') := (a/^I)" 2 / h F -a/\a\ 
i.e., 

N 

(1.4) K(X,K x +F,h F ) =]TH 2 , 

i=0 

where {cto, • • • , ctat} is a complete orthonormal basis of H°(X, Ox{K x + 
F) ®I(hp)). It is clear that K(X,K X + F,hp) is independent of the 
choice of the complete orthonormal basis. 
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1.1 Twisted Kahler-Einstein equations for ample hermi- 
tian adjoint bundles 

First let us consider an easy case. Let A be a smooth projective n-fold and let 
(L, hi) be a Q-line bundle on A with a C°° hermitian metric hi. Here a Q-line 
bundle means a formal fractional power of a genuine line bundle on X . We shall 
assume that Kx + L is ample. We consider the following equation: 

(1.5) -Ric w + V^T9 /lL =lj, 

where u> is a C°° Kahler form such that the Kahler class [oj] is equal to 2-kc\ (Kx+ 
L) in H 2 (X, R) and Qh L denotes the curvature form of hi. We call ()1 .5(1 the 
twisted Kahler-Einstein equation associated with (L,hi). 

The equation (|1.5[) is reduced to a complex Monge- Ampere equation as fol- 
lows. Let ojo be a Kahler form on X with [u>o] = 2-kc\(Kx +L). Let 51 be a C°° 
volume form on X such that 

(1.6) w = -Ricfi + -/-L6/ li 
holds. Then there exists a C°° function u on X such that 

(1.7) lj = iuq + \J~^lddu 

and the equation (11. 5p is equivalent to the Monge- Ampere equation: 



(1.8) log = u. 

By the solution of Calabi's conjecture (JK \ lYlj ) the equation (| 1 .8|) has a unique 
C°° solution u. Hence (11.51) has a C°° solution u>. 



Definition 1.1 Let X be a smooth projective variety and let (L,hi) be a C°° 
hermitian (holomorphic) line bundle on X such that Kx + L is ample. The C°° 
Kahler form w satisfying the equation \1.5\) is said to be the twisted Kahler- 
Einstein form associated with (X, (L,hi)). rj 

We call (L,hi) the boundary of the pair (X, (L,hi j). Of course twisted Kahler- 
Einstein forms are not essentially new. But this new terminology gives us free- 
dom to think about Kahler-Einstein-like forms on a smooth projective variety 
whose first Chern class is not necessarily definite. 

For example, in this terminology the canonical Kahler current on the base 
of an Iitaka fibration is considered to be the twisted Kahler-Einstein form asso- 
ciated with the metrized Hodge Q-line bundle (cf. [T9\ ) as the boundary. 



1.2 Ricci iterations 

Let A be a compact Kahler manifold and let L be a Q-line bundle on A. Let 
hi be a. (possibly singular) hermitian metric on L. Let u>o be a C°° Kahler form 
on A and let f be a fixed positive number in (0,1). In this article, we shall 
consider the Ricci iteration of the form : 

(1.9) - Ric Wm + tui m - 1 + \ r ^ie hL = uj rn 

for m ^ 1. We call the term y/— 10h L the drift term of the Ricci iteration. 
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Suppose that is C°° . In this case if the iteration (|1.9p has C°° solution 
{to m } for m = 0, • • • ,£, then 

/ 1 _ fTO \ 

(l.io) [u m ] = ( i— r ) 27rc i(^ + L ) + *">o] 

holds for every m = 0, • • • , £, where [w m ] denotes the de Rham cohomology 
class of uj m . In particular {[w m ]} moves on the segment connecting [loq] and 
2wci(K x + D). 

Conversely by the solution of Calabi's conjecture, if 



1-f 
1 - t 



2%c 1 (K x + L)+t t [w ] 



is in the Kahler cone of X for some positive integer £, then we see that the 
sequence of C°° Kahler forms {^ m }m=o satisfying (|1.9|) exists. Moreover if 
c\{Kx + L) is in the Kahler cone and \J — l®h L = 0, then one can prove easily 
that {^m}m=o converges to a C°° solution of 

(l.n) - Ric Woc + V^Te, l£ 



1 - t 



as m tends to infinity (cf. Theorem 13. lIFl ). 

In this article, we shall consider the case that Kx + L is big and Hl is a 
singular hcrmitian metric of the form : 

Hl = w 

where a is a multivalued global holomorphic section of L such that (X, (a)) is 
KLT, where (a) denotes the effective Q-divisor associated with u on X. We 
note that in this case the solution is Kahler-Einstein on the locus (contained in 
X\Supp(er)), where is a C°° Kahler form. 

1.3 Dynamical systems of Bergman kernels 

Here we shall review the construction in [T9j . Let X be a smooth projective 
variety and let (L, h^) be a C°° hermitian line bundle on X such that K x + L 
is ample. Suppose that \J— l@hL 1S semipositive on X. Then as in |T9j . we 
may construct the twisted Kahler-Einstein form to satisfying (| 1 . 5j) in terms of 
the dynamical system of Bergman kernels. 

Let X be a smooth projective variety and let (L, Jil) be a C°° hermitian line 
bundle on X with semipositive curvature. We assume that Kx + L is ample. 

Let A be an ample line bundle such that for every pseudo-effective singular 
hermitian line bundle (F, hp), Ox{A + F) ® I (hp) is globally generated. Such 
A exists by Nadel's vanishing theorem [N] p. 561]. 

We shall construct a sequence of Bergman kernels {K m }^ =1 and a sequence 
of singular hermitian metrics {h m }^ =1 as follows. 



3 Theorem [3TT] is weaker than this fact. But one may easily generalize it. 
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We set 

K(X,K x + A,h A ), ifa>l 



(1.12) K x := 



K(X,K x + L + A,h L -h A ), if o = l 



where if (X, ifx + -4, ^) and if(X, i^x + L + A, ■ Ha) are the Bergman 
kernels defined as (|1.4p . Then we set 

(1.13) hi := (ifi)- 1 . 

We continue this process. Suppose that we have constructed K m and the singu- 
lar hermitian metric h m on [—\a(Kx + L) + (m— [— \a)Kx- We define K m+1 

by 

(1.14) 

{K(X, (m + l)K x + l ,J! ir\aL + A, h m ) if m+ 1 £0 mod a 
K (X, (m + + L) + A, h a L ® /i m ) if r/i + 1 = mod a 

and 



(1.15) /i ro+ i := (Jf, 



to+i; 



-1 



Thus inductively we construct the sequences {h m } m >i and {K m } m > 1 . This 
inductive construction is essentially the same one originated by the author in 
|T6j . The following theorem asserts that the above dynamical system yields the 
twisted Kahler-Einstein metric on (X, (L,1il))- 

Theorem 1.2 Let X be a smooth projective n-fold and let (L,/if,) be a C°° 
hermitian Q-line bundle on X with semipositive curvature y— lO^j, such that 
Kx + L is ample. Let {h m } m >i be the sequence of hermitian metrics as above 
and let n denote dmiX. Then 



(1.16) /loo := liminf 

m — »oo 

is a C°° hermitian metric on Kx + L such that 

(1.17) u = V-LQ haa 

is the twisted Kahler-Einstein form (Definition \l.l\) . 

In particular u = y/— 10^^ (in fact hoo) is unique and is independent of the 
choice of A and Ka ■ n 

The proof of Theorem 11.2 is completely the same as the one of [T9( Theo- 
rem 1.8]. Hence we omit it|j. Theorem 11.21 naturally leads us to the following 
semipositivity theorem. 

Theorem 1.3 Let f : X — > Y be an algebraic fiber space and let (L,hjj) be 
a hermitian Q-line bundle on X with C°° hermitian metric h^. Suppose that 



'The only difference is that here is C°° while is singular in IT9I Theorem 1.. 
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\/—lQh L is semipositive on X and K x /y + L is relatively ample over Yq. Let 
Yq be the maximal Zariski open subset ofY such that f is smooth over Yq. For 
y G Yq, let lu v be the Kahler form on X y := f~ 1 (y) satisfying the equation: 

(1.18) - RiC^ + ^lOhjXy = LUy. 

Let n be the relative dimension of f : X — ► Y. Then the singular hermitian 
metric h° on Kx/y + L\f (Y"q) defined by 

(1.19) h°\X v := (^wf) -h L (ytY ) 

extends to a singular hermitian metric h on Kx/y + L and has semipositive 
curvature in the sense of current everywhere on X. g 

Remark 1.4 lu is C°° over the complement of the discriminant locus of f . This 
is an easy consequence of the implicit function theorem, rj 

The proof of Theorem ll.3l is completely the same as the one of |T9| Theorem 4.1] . 
Hence we omit it. In fact Theorem 1 1 . 21 and the logarithmic pluri-subharmonicity 
of Bergman kernels ( [B3 l IB~Pl ITT] ) implies Theorem Ol 

1.4 Canonical Kahler-Einstein currents on KLT pairs 

Now we shall consider the twisted Kahler-Einstein form for a singular (LMl)- 

Let X be a smooth projective n-fold and let let D be an effective Q-divisor 
on X such that (X, D) is KLT. We assume that (X, D) is of log general type, 
i.e., Kx + D is big. Let us consider the equation : 

(1.20) -mc Ulc +2ir[D]=u K , 

where [D] denotes the closed positive current associated with the effective Q- 
divisor D. Let o~d be a multivalued global holomorphic section of D with divisor 
D and let h aD be the singular hermitian metric on D defined by 

(1.21) K D := r-^. 

We construct a solution uj k of (|1.20p which satisfies the followings: 

(1) lok is a closed positive current on X, 

(2) There exists a nonempty Zariski open subset U of X such that u>k\U is 
C°° Kahler form, 

(3) We define the singular hermitian metric hx on Kx + D by 

Then h K is an AZD (cf. [T11IT5]) of K x + D, i.e., 
(a) \/— 1 &h K is a closed semipositive current on X, 
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(b) For every positive integer to such that m(K x + D) is Cartier 

H°(X,O x (m(K x + £>)) ®I(h%)) ~ H°(X,O x (m(K x + D))) 
holds. 

We note that if such ujk exists, then u>k is Kahler-Einstein on U, i.e., —Ric UK — 
lok holds on U. 

Definition 1.5 Let (X,D) be a KLT pair of log general type. A closed pos- 
itive current to k satisfying the above properties: (1),(2),(3) is said to be the 
canonical Kahler-Einstein current on (X,D). q 

The following theorem asserts that the canonical Kahler-Einstein current always 
exists on a KLT pair (X, D) of log general type. 

Theorem 1.6 Let X be a smooth projective variety and let D be an effective 
divisor such that (X, D) is a KLT pair of log general type. Then there exists a 
unique canonical Kahler-Einstein current luk on (X,D). rj 

Later we shall prove a stronger uniqueness of the canonical Kahler-Einstein 
currents on KLT pairs (Theorem 14. 9[) . The proof of Theorem 11.61 here is very 
similar to the case that D = in |T9j . The proof is done by solving a Monge- 
Ampere equation as the solution of Calabi's conjecture in [A" llYlj . The Monge- 
Ampere equation is quite similar to the one in |Yll p.409,Theorem 8]. But to 
prove Theorem II .61 we cannot apply |Y1[ p. 409, Theorem 8] directly, since the 
coefficients of D may exceed l/n(n = dimX). We overcome this difficulty by 
introducing an orbifold structure on (X,D), i.e., we resolve the singularity in 
terms of local cyclic branched coverings. 

1.5 Canonical measures on KLT pairs of nonnegative Ko- 
daira dimension 

Similar twisted Kahler-Einstein currents naturally appear in algebraic geometry 
of KLT pairs. 

Let (X, D) be a KLT pair of nonnegative Kodaira dimension, i.e., \m\(Kx + 
D)\ for every sufficiently large m. 

Let / : X — ■ ■ ■ — > Y be the Iitaka fibration associated with the log canonical 
divisor K x + D. By replacing X and Y by suitable modifications, we may 
assume the followings: 

(1) X ,Y are smooth and / is a morphism with connected fibers. 

(2) Supp-D is a divisor with normal crossings. 

(3) There exists an effective divisor SonY such that / is smooth over Y — S, 
SuppZ^ is relatively normal crossings over Y — E and f(D") C E, where 
D h , D v denote the horizontal and the vertical component of D respectively 

(cf. (T2J)). 

(4) There exists a positive integer mo such that for every m ^ mo, m\(K x +D) 
is Cartier and f*O x (ml(K x + £)))** is a line bundle on Y, where ** 
denotes the double dual. 
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We note that adding effective exceptional Q-divisors does not change the log 
canonical ring. Such a modification exists by |F-M[ p. 169, Proposition 2.2]. We 
define the Q-line bundle L x /y,d on Y by 

(1-22) L x/YtD = J-f,O x (m l(K x + D))**. 

L x /y is independent of the choice of mo. Similarly as before we may define the 
singular hermitian metric hL x/YD on L X / YD by 

(1-23) hl% Y Ja,a)(y) 

where y £ Y — £ and X y := f~ 1 {y). We call the singular hermitian Q-line 
bundle (L x /y : d, h-Lx/v n) the Hodge Q-line bundle of the Iitaka fibration 
/ : X — > Y associated with the KLT pair (X, D). We note that since (X, D) is 
KLT, fiL x/Y D is well defined. By the same strategy as in the proof of Theorem 
11.61 and |T9[ Theorem 1.6], we have the following theorem : 

Theorem 1.7 In the above notations, there exists a unique singular hermitian 
metric on ha on Ky + Lx/y,d an d a nonempty Zariski open subset U of Y 
such that 

(1) hji is an AZD of Ky + Lx/y,d- 

(2) f*h K is an AZD of K x + D. 

(3) h K is C°° onU. 

(4) toy = \J — 1 Qh K is a Kahler form on U. 

(5) — Ric Wi , + V-IQlx/y.o = u Y holds on U . □ 

We may construct toy in Theorem 1 1.71 in terms of a family of dynamical systems 
of Bergman kernels as Theorem ll.8l below and we obtain the same semipositivity. 
We define the canonical measure d^, can of (X, D) by 

(1-24) df, can :=^rcjl abc -hll /YD , 

where n = diraY . Then d\x can is considered to be a singular volume form on 
X. 

1.6 Variation of canonical Kahler-Einstein currents 

One of the important properties of canonical Kahler-Einstein currents con- 
structed in Theorem 11.61 is the following pluri-subharmonic variation property. 

Theorem 1.8 Let f : X — > Y be an algebraic fiber space and let D be an 

effective Q-divisor on X. Suppose that there exists a nonempty Zariski open 
subset Yq of Y such that 

(1) f is smooth over Yq. 
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(2) (X y , Dy){X y := / 1 (y), D y := D ("I X y ) is a KLT pair of log general type. 

Let LOK.y be the canonical Kahler-Einstein current on (X y , D y )(y 6 Yq) con- 
structed as in Theorem \l.b\ Let n be the relative dimension of f : X — ► Y. 
Then the singular hermitian metric ha on Kx/y + D \f~ (Yq) defined by 

h° K \X y := (~ {uK, v )2b^ ■ K D \X y (y e Y ) 

extends to a singular hermitian metric hx on Kx/y + D and has semipositive 
curvature in the sense of current everywhere on J. g 

This theorem is a natural generalization of the result in |T7j . where we deal 
with the case that D = 0. We note that Theorem 11.81 is closely related to 
the semipositivity of the direct image of a relative pluri-log-canonical systems 
of a family of KLT pairs |Ka3|, p. 175, Theorem 1.2]. In fact Theorem 11.81 is 
considered to be a generalization of it. More generally we have the following 
theorem. 

Theorem 1.9 Let f : X — ► Y be an algebraic fiber space and let D be an 

effective Q-divisor on X. Suppose that there exists a nonempty Zariski open 
subset Yq of Y such that 

(1) f is smooth over Yq . 

(2) (Xy,D y )(X s := f~ 1 (y),D y := D X y ) is a KLT pair of nonnegative 
Kodaira dimension. 

Let dfi can ^ y be the canonical measure on (X y , D y )(y £ Yq) as in Section \l.5\ 
Then the singular hermitian metric h° K on Kx/y + D\f~ l (Yo) defined by 

h° K \X y ~ d^an,y ' K D \X y {y e Yq) 

extends to a singular hermitian metric on K x /y +-D an d h as semipositive cur- 
vature in the sense of current everywhere on X . ^ 

This is a natural generalization of [T91 Theorem 4.1]. 

To prove Theorem 11.81 we use the dynamical construction of canonical 
Kahler-Einstein currents as in |T9| . But there is a major difference between 
the dyanamical construction here and the one in |T9| . 

The most naive way to construct canonical Kahler current by dynamical 
system of Bergman kernels is to replace the Hodge Q-line bundle [L, h£) in |T9] 
by (D, |(7£>|~ 2 ), where o\d is a multivalued holomorphic section of the Q-line 
bundle D with divisor D. Let a denote the minimal positive integer such that 
aD is Cartier. Then in the above naive dynamical construction (cf. Section 
II. 3p we tensorize (Ox(aD), |cro|~ 2a ) in every a-steps. But unfortunately this 
construction does not yeild the desired canonical Kahler-Einstein current, since 
|<T£)| _2a has too large singularities in general. Moreover the dynamical system 
itself is not well defined. Acturally this construction works only when D is 
Q-lincar equivalent to a Cartier divisor essentially. 

To overcome this difficulty we consider a Ricci iteration and a family of dy- 
namical systems of Bergman kernels associated with the Ricci iteration instead 
of a single dynamical system. 
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1.7 Semipositivity of the relative log canonical bundles of 
a family of LC pairs 

Let X be a smooth projective variety and let D be an effective Q-divisor on 
X such that (X,D) is a LC pair. Then for every rational number t £ [0,1), 
we see that (X, tD) is a KLT pair. Suppose that (X, D) is of log general type. 
Then for a sufficiently small rational number < e « 1, (X, (1 — e)D) is a 
KLT pair of log general type. Let lo c be the canonical Kahler-Einstein current 
on (X, (1 - e)D) for < e << 1 (cf. Theorem EU). Then the Kahler-Einstein 
volume form dV t of uj e is monotone increasing as e tends to and converges to 
a singular volume form on X (see Lemma f2.4l below). Using this simple fact, 
Theorem ll.8l can be generalized to the case of LC pairs. 

Theorem 1.10 Let f : X — > Y be an algebraic fiber space and let D be an 

effective Q-divisor on X. Suppose that there exists a nonempty Zariski open 
subset Yq of Y such that 

(1) f is smooth over Yq . 

(2) For every y £ Y 0; (X y ,D y )(X s := f~ 1 (y),D y :=Dn X y ) is a LC pair of 
log general type. 

Let WK,y be the canonical Kahler-Einstein current on (X y , D y )(y S Yo) con- 
structed as in Theorem \2.5\ below. Letn be the relative dimension of f : X — >Y. 
Then the singular hermitian metric hp; on K x /y + D\f~ 1 (Yo) defined by 

h° K \X y := (~ • K D \X y (y G Y ) 

extends to a singular hermitian metric hx on K x /y + D and has semipositive 
curvature in the sense of current everywhere on X . rj 

For families of LC pairs not necessarily of log general type, we have the following 
corollary (see [B-P| for a special case). 

Corollary 1.11 Let f : X — ► Y be an algebraic fiber space and let D be an 

effective Q-divisor on X. Suppose that there exists a nonempty Zariski open 
subset Yq of Y such that 

(1) f is smooth over Yq, 

(2) For every y e Y , (X y ,D v )(X s := f- 1 (y),D y := D (1 X y ) is a LC pair 
such that Kx y + D y is pseudo-effective. 

Then Kx/y + D is pseudo-effective, rj 

Proof of Corollary \1.11\ Let A be an ample effective divisor on X. Then for 
every positive rational number e, by Theorem 1 1.1 01 we see that K x /y + D + eA 
is pseudo-effective. Letting e \ 0, we complete the proof of Corollarv ll.lll rj 

The following corollary is a typical special case of Theorem 1 1.1 01 
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Corollary 1.12 Let f : X — ► Y be an algebraic fiber space and let D be an 

effective divisor on X with normal crossings. Let n denote the relative dimension 
of f : X — ► Y. Suppose that there exists a nonempty Zariski open subset Yq of 
Y such that 

(1) Kx/y + D is relatively ample over Yq, 

(2) f is smooth over Yq, 

(3) For every y G Yq, D y = X y n D (the scheme theoretic intersection) is a 
divisor with normal crossings in X y := f^ 1 (y). 

Let u>E,y be the complete Kahler- Einstein form on X y \D y such that — Ric Wj5 = 
tOE,y constructed as in [KoJ. We define the metric h° K on Kx/y + D\f~ 1 (Yo) 
by 

Then h° K extends to a singular hermitian metric hx on Kx/y + D with semi- 
positive curvature in the sense of current, rj 

Remark 1.13 Ln Corollary \1.12\ by the implicit function theorem, we see that 
hx is C°° on a Zariski open subset of X. rj 

For a family of KLT pairs of not necessarily of log general type, we have the 
following useful theorem. 

Theorem 1.14 Let f : X — ► Y be an algebraic fiber space and let D be an 

effective Q-divisor on X. Suppose that there exists a nonempty Zariski open 
subset YgofY such that 

(1) f is smooth over Yq, 

(2) For every y G Yq, (X y ,D y ){X s := f' 1 (y),D y := D n X y ) is a KLT pair 
of nonnegative Kodaira dimension. 

Let d[i can x/Y be the relative canonical measure defined by 

dtl C an,X/Y\X y ~ d^ can ,y (y G Yq) 

where dfi can .y denotes the canonical measure on (X yi D y )(y G Yq) constructed 
as in Theorem ] 1.7\ Then the singular hermitian metric 

h° K \X y := d^J n y ■ h aD \X y (y G Yq) 

on Kx/y + D\f~ 1 (Yo) extends to a singular hermitian metric hx on Kx/y + D 
and has semipositive curvature in the sense of current everywhere on X . rj 

There are numerous applications of the results in this article. They will be 
discussed in the subsequent papers ( |T10|, ItTT] ). 

2 Existence of canonical Kahler-Einstein currents 

In this section we shall prove Theorem 11.61 The proof is not essentially new 
except the use of orbifold structures. This simple technique overcomes the 
difficulty arising from the poles of the righthand side of the Monge-Ampere 
equation: (|2.9p below, i.e., we can eliminate the poles of the Monge-Ampere 
equation in terms of local cyclic coverings. 
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2.1 Existence of canonical Kahler-Einstein currents on KLT 
pairs of log general type 

In this subsection, we shall prove Theorem 11.61 Let X be a smooth projective 
n-fold and let D be an effective Q-divisor on X such that (X, D) is KLT and 
Kx + D is big. Then by [B-C-H-M] the canonical ring: 

(2.1) R{X,Kx + D)=®%= T(X,O x (lm{K x + D)\)) 
is finitely generated. Hence there exists a log resolution 

(2.2) [i:Y-^X 
of (X, D) which satisfies the followings : 

(1) If we write Ky — fi*(Kx + D) + J] diEi, then ai > —1 holds for every i, 
where {E{\ are prime divisors. 

(2) There exists a decomposition 

(2.3) ^* {Kx + D) = P + N(P, N e Div(y) <8> Q) 

into the Q-divisors P and AT such that P is semiample, N is effective and 

(2.4) H {Y,O Y (v*{amP)) ~ H {Y,O{amfi* {K x + D))) 

holds for every to ^ 0, where a is the minimal positive integer such that 
aD, aP € Div(X) hold. 

We call the decomposition (|2.3|) a Zariski decomposition of //* (i^x + D) . 

We note that adding effective exceptional Q-divisors does not change the log 
canonical ring. We set / := {i\ ai < 0}. Then replacing X by Y and D by 

(2.5) Dy :=^2(-ai)Ei, 

iei 

we obtain a new KLT pair (Y, Dy ) such that 

(a) R(Y,K Y + D Y ) ~ R(X,K X + D), 

(b) There exists a Zariski decomposition: K Y + Dy = P + (N + J^igi a i^i)- 

Hence we may assume that Supp D and Supp N are divisors with normal cross- 
ings and the decomposition Kx + D = P + N holds on X from the beginning. 
In fact if we construct a canonical Kahler-Einstein current lok on Y, then the 
push forward f*u>K is a canonical Kahler-Einstein current on (X,D). 

Let Go be a multivalued holomorphic section of the Q-line bundle D with 
divisor D. Then |ctd|~ 2 is an singular hermitian metric on L. Similarly we 
consider the singular hermitian metric | cr^v | — 2 on the Q-line bundle N. Let 
hn,hN be C°° hermitian metric on D and N. Then since P is semiample, there 
exists a C°° volume form on X such that 

(2.6) hp := fT 1 • h D ■ h N x 

is a C°° hermitian metric such that the curvature s/—lQh P is the positive con- 
stant times the pull back of the Fubini-Study form by the base point free linear 
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system |mo!P| for uiq ^> 1. Let D — J^diDi be the irreducible decomposition 
of D and let <7j be a nontrivial global section of Ox(Di) with divisor Di and let 
|| <7j || be the hermitian norm of cx^ with respect to a C°° hermitian metric on 
Ox{Di). By multiplying a small positive constant to o^, we may and do assume 
that || di || < 1 holds for every i on X. Let b be a positive integer such that 

(2.7) ^ < ^ 
holds for every i @. We set 

(2.8) w P — V-LQhp- 
We consider the Monge- Ampere equation 

II II 2 

(2.9) {cup + ^ldBu) n = CJN \ h " ■ n • e u 

II °£> llfc D 

on I. To solve (|2.9p . we consider the perturbation of the equation (|2.9[) and 
construct the solution as the limit of the solutions of the perturbed equations. 
We may assume that there exists an effective exceptional Q-divisor E with 
respect to the morphism §\ m \p\ : X — ► for a sufficiently large m such that 

(1) P — SE is ample for every S € (0, 1], 

(2) If we define 
(2.10) 

U := {x € X||m!P| defines an embedding for every m > 1 on a neighbourhood of x}, 
then 

(2.11) X\SuppE = U 

holds. 

The existence of such E follows from the definition (|2.10p of U and the trivial 
fact that for any successive blowing up 

w : F" — > P" 

of W with smooth centres, there exists an effective Q-divisor B supported on 
the exceptional divisors of w such that w*0(l) — B is ample. Hence by taking a 
suitable successive blowing ups with smooth centres over X\U, we may assume 
the existence of such an effective Q-divisor E. Then there exists a C°° hermitian 
metric Ke on E such that hp ■ h^ 1 is a metric with strictly positive curvature 
on X . For every < 6 ^ 1 , we define the orbifold Kahler form lo p g on X by 
(2.12) 

wp,j := (l-^V P + 5^p-v /T Te /lE +e^V T T991og(l-||a. i ||f)V 

where e is a fixed sufficiently small positive number so that u>p t s is an orbifold 
Kahler form on X branching along D with order b for every 5 € (0,1]. 

5 Sincc (X,D) is KLT, dj < 1 holds for every i 
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More precisely, uip i 8(S £ (0, 1]) is an orbifold Kahler form in the following 
sense. Let (V, (z\, ■ ■ ■ , z n )) be a local coordinate on X such that V is biholo- 
morphic to the unit open polydisk A™ in C™ with centre O and 

v n d = {p £V\ Zl ( P )- ■■ z k (p) = 0} 

holdf|f| for some k. Let 

(2.13) 7Ty : A™ — ► V 
be the morphism defined by 

(2.14) nv(ti, ■■ ■ ,t n ) = (tj, • • • ,t k ,tk+l, ■ ■ ■ ,t n ). 

If we take a positive number e sufficiently small, then TTy(u!p } s\V)(6 £ (0, 1]) is 
a C°° Kahler form on A™. In this sense oJp^(8 £ (0, 1]) is an orbifold Kahler 
form on (X, D). 

Now we consider the perturbed equation: 
(2.15) 

^_ _ ikiviiL (mi-\\°i\\t))- £ \\v E \\iS 

{u; PS + V=lddu s ) n = i '— . n . e v 

II °d \\ hD 

for 5 £ (0, 1]. Then for 7iy ■ A™ — ► V as above, pulling back (|2.15|) by ny, we 
obtain 



(2.16) 

, iLtoa-ikiii^rikKiiL 

(TTyCJp^ + V-lSc'TryUA-)" = 7Ty I jj 2 • O 



^ \r hD 



In (12~TB1) . 



^ iil (cn,(i- ii ^ n f ))- 



8 

2 



V 



°» IIL 



n 



degenerates along {(ti, ■ ■ ■ , t n ) £ A"|ti • • • = 0} by the choice of b (cf. (|2.7[) ). 
Hence the equation (|2.15[) is considered to be a complex Monge- Ampere equation 
with degeneracy along Supp D as an equation on the orbifold branching along 
SuppZ) with order b. Hence by |Y1[ p. 387, Theorem 6], there exists a solution 
ug of (|2.15p on X such that 

1. ug is C°° on the complement of SuppZ? U Supp N, 

2. sup \us\ < +oo, 

3. |A WJ=J U5| is bounded, where A WPi5 denotes the Laplacian with respect to 
the orbifold Kahler form LJp,s, 

4. The solution us satisfying the above properties is unique. 



'We have assumed that Supp D is a divisor with normal crossings on X 
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We set 

(2.17) Up,j := ojp.s + ^/~^l^^ug. 

The following lemma asserts that {wpj is monotone decreasing with respect 
to S. 

Lemma 2.1 For < 6 < 8' < 1, we have that 

~ n > ,~.n 
W P,5 = W P,5' 

holds on U = X\Supp-E. rj 

Proof. Let <5 < <5' be positive numbers as above. By (|2.15D . 

(2.18) (^.^ + Vfl^)" = ( ( TT (1 _ || || 
holds on X. We set 

(2.19) wg,g, := W5 - u 4 , + (J - J') log II \\hr e II a £ || 2 h ^ . 
Then by (f2~T5]) we see that 

(2.20) / A t w s ,s'dt = w 5 ,8> 

Jo 

holds, where A t denotes trace^j^+t^ V~^dd. Since 

-* +oo as a; — ► Supp E, 



5-5' 
2 . iii— u 5 



(*-<n (flia- k n f )r E ii^ in 



by the boundedness of u$,us> and the definition of wg t gi (cf. (|2.19[) ). there 
exists a point po where wg^gi takes its minimum. Then by (|2.20p . we see that 
ws,S'(po) ^ holds. Hence ws,s> ^ holds on U. Hence by (j2~T51) and fiTT!)]) . 
we see that 



holds on [7. This completes the proof of Lemma |2~T1 rj 

To obtain a uniform estimate of ug with respect to 5, we set 

(2.21) v 5 := ug-(l-S)- log f (]J(1- || a, ||f ))"« || a £ 
and estimate u^. By (|2.15[) satisfies the equation: 

^_ _ II^IIL ((ni(i-lkill*))- e ll^||L 

(2.22) (a;pi+\/=T5^) n = ^ n ^ / —Q-e vl 

II <^ life 
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Since us is bounded on X , we see that 

log 7 — ! 5 \ = V6 

lk«ll? 1JV ((n s (i-!k.F))-"lk B |II E ) _ 

Ti \T1 * ^ ^ 

is bounded from below and blows up along E. Hence we see that there exists 
a point go on X\Suppi5 where v$ takes minimum. Then by the maximum 
(minimum) principle, we see that 

(2.23) &s(qo) ^ up,i(qo) 
holds. Hence if we set 

(2.24) C- := inf - , > 0, 

lk»ll 2 fejv ((n,(MMI^))- E lk g |l;; E ) 

then 

(2.25) v s > C_ 

holds. We note that C_ is independent of 8 £ (0, 1]. Let us fix < So < 1. We 

set 



(2.26) v s ,s ■= u s 



(So -5) -log ll^Hf))- \\a E 



Then by the same argument, we see that there exists a constant C-(8q) such 
that for every S € (0, §q) 

vs,8 Q ^ Cl(<5 ) 
holds on X. Hence by (12.21)) for every S £ (0, Jo) 



(2.27) w 5 
holds on X. 



^ CL(* ) - (1 - <5 ) ■ log (^(Q(l- || crj ||f ))- || a E . 



Next we shall estimate vs from above. We note that by (|2.15p 



°n iil (cn*ci- ii <* n f )r e II °m iil 



,5 



fx II ct d IIL Jx 



■Q-e Us = / (w Pi4 + %/^T59u 5 )™ 
= (27r) n (P-5£;)" 



hold. Then by the concavity of logarithm, 
(2.28) 

II o N lit ((a(i-lkill f ))- £ lk^ N " 

«a + log ^ — 



IX 



OB ||L 



^ (log(2 7 r) n (P-<5 J B)") / n 
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holds. Hence there exists a positive constant C independent of S € (0, 1] such 
that 



(2.29) / u s n < C 



x 

holds for every 6 € (0, 1]. Then since ujp y s + \J — lddus is a closed positive current 
on X and lupj is an orbifold Kahler form on X, we see that us is almost pluri- 
subharmonic function on X in the sense of orbifold. Hence by the submean value 
inequality for subharmonic functions, by (|2.29[) there exists a positive constant 
C+ independent of S £ (0, S) such that 

(2.30) u 5 ^ C+ 

holds on X. Hence by (I2.21[) . for every S S (0, 1] 



(2.31) vsSC+-(l-8)- log (fll(l- II <n 



i*)r \\*e \\i 



holds on X. 

Now we shall estimate the C 2 -norm of vg. First we note that lop.i is a C°° 
orbifold Kahler form on X. In particular, the bisectional curvature R aa p0 of 
ujp y i is bounded on X. To get the C 2 -estimate, we shall estimate e~ Cvs (n + 
Ap^vg), where C is a positive constant which will be specified later and and 
Ap : i denotes the Laplacian with respect to the orbifold Kahler form ujp.i- 

Lemma 2.2 (\Tg p. 127, Lemma 2.2])) We set 



(2.32) / := log 



PA 



Let C be a positive number such that 
(2.33) C+ inf R a/3/5 >l 

holds on Y , where R a& f3p denotes the bisectional curvature oj ujp t \. 
Then 

A s (e- Cvs {n + A PA vs)) ^ (n + A PA v s ) 

((IL(i- II *i ll f ))" £ II IIL 
II <*» IIL 

-(n + n 2 inf R aa ap) - C ■ n(n + A PA Vg) 

___ , \*n\\i n ((ni(i-ikiii*))- e ii^iiL y , 

(n+ApAVs)™- 1 i, [jo exp -(vg 

a D \\h D 

holds, where A P i denotes the Laplacian with respect to u)p t % {i.e., Ap : i 
trace Wj= 1 ^/—ldd) and Ag denotes the Laplacian with respect to tig . 
□ 




°» III 
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Since us is bounded, by the definition of v$ (cf. (|2.2ip ) and the boundedness of 
Ai^ua, we see that there exists a point x £ X\Supp_E such that e~ Cvs (n + 
Ap^vs) takes its maximum at xq. Then by Lemma 12.21 and the lower estimate 
(|2.27p (taking <5o = 2/3 for example), if we take C sufficiently large, we see that 
there exists a positive constant C 2 such that for every 5 £ (0, 1/2) 

(2.35) e - Cv '(*o)(n + A Pil v s )(x ) ^C 2 (S £ (0, 1/2)) 



holds. This implies that for every S £ (0, 1/2) 
(2.36) 

n + A PA v s ^ C 2 e c ^ ^ C 2 ■ e cc + (([[(1- \\ a t ||f ))"* || * E f hl 



-C(l-S) 



holds on X. Hence we see that {v$\ 8 £ (0, 1/2)} is uniformly C 2 -bounded on 
every compact subset of X\Supp£'. Then by the general theory of fully nonlin- 
ear equations of 2nd order (|Trj). we see that {v$\ 6 £ (0, 1/2)} is uniformly C 2 ' a 
bounded for some a £ (0, 1) on every compact subset of X\Supp-E. Then by 
the standard theory for linear elliptic partial differential equation of 2nd order, 
we see that for every k ^ 0, {vg\S £ (0, 1/2)} is uniformly C fc -bounded on every 
compact subset of X\Suppi?. Hence there exists a sequence {5k}, Sk | such 
that 

(2.37) v := km v Sk 

k — >oo 

exists in C°°-topology on every compact subset of X\Suppi?. Then by (|2.21|) 
and (I2.15p . we see that 



(2.38) 



« + iog f(]I(i- lk< ll f ))~ e Ik* iilJ 



is C°° on AT\Suppi? and satisfies the Monge- Ampere equation (|2.9|) and u>k '■= 
ujp + ^/—lddu is a well defined current by the estimates (I2.30|) and (12.251) . 
Moreover by Lemms [2~T| u is independent of the choice of the subsequence {5k}- 
We set 

(2.39) uj k := up + V^lddu. 

To prove that lok is the canonical Kahler-Einstein current on (X, D), we need 
to show that 

is an AZD of K x + D. By ((2~2TT) . ([2~27]) and (pPU)) . we obtain the following 
almost boundedness of us and u. 

Lemma 2.3 For every 5q £ (0,1], there exists a constant C_(<5o) such that for 
every 5 £ (0, 5q) 

C-(5 Q ) + (S Q 5) log || ||« ))" s || o E f h \ ^ us S C + 



21 



holds. And in particular 

C-(S ) + 5 log || tr, II ^ iil) ^ « ^ ^+ 

holds, rj 

Then by (|2.9[) and Lemma |2~51 letting <5o tend to 0, we see that is an AZD 
of iOf + D. 

The uniqueness is the direct consequence of the dynamical construction (cf. 
Theorem 14.91 below) . This completes the proof of Theorem 11.61 rj 



2.2 Monotonicity Lemma and Kahler-Einstein currents on 
LC pairs 

Using Theorem II. 6| we shall construct a canonical Kahler-Einstein current on 
a LC pair of log general type. 

Let X be a smooth projective variety and let D be an effective Q-divisor on 
X such that (X,D) is a LC pair. Then for every rational number t G [0,1), 
we see that (X, tD) is a KLT pair. Suppose that (X, D) is of log general type. 
Then for a sufficiently small rational number < e « 1, (X, (1 — e)D) is a 
KLT pair of log general type. Let eo be a positive number such that for every 
t G (1 — eo, 1), (X,tD) is of log general type. For t G (1 — eo, 1), let u>t be the 
canonical Kahler-Einstein current on (X, tD) as in Theorem 11.61 We set 

(2-40) d(i cantt := - u>l abc 

n! 

and call it the canonical Kahler-Einstein volume form on (X,tD). dfi can j is 
nothing but the canonical measure on (X, tD) . The following monotonicity 
lemma is essential for our purpose. 

Lemma 2.4 (Monotonicity Lemma) dfj, can ,t is (weakly) monotone increasing 
with respect to t G (1 — eo, l)nQ. rj 

Proof of Lemma \2.J\ Let t < t' be positive numbers in (1 — eo, 1). Taking a 
suitable modification of X, we may assume that Supp D is a divisor with normal 
crossings and there exist Zariski decompositions: 

K x +tD = P t + N t 

and 

K x +t'D = P t , +N t ,. 

We note that adding exceptional divisor does not affect the log canonical ring. 
It is clear that 

(2.41) Nf d N t 

holds. Let hp t be a C°° hermitian metric on P t induced by the Fubini-Study 
metric by the morphism $|!,!_p t | associated with the base point free linear system 
|^!P(| from X into a projective space for some sufficiently large v. We set 

(2.42) u Pt := V^S hPt . 
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holds. We consider 

(2.43) K + V^ldButT = 



Let htD be a C°° hermitian metric on tD and let /ijv t be a C°° hermitian metric 
on N t . Let a to be a multivalued global holomorphic section on tD with divisor 
tD and let <7jv 4 be a multivalued global holomorphic section of Nt with divisor 
Nt. Let f2 be a C°° volume form on X such that 

= Q 1 ■ /l 4 £) ■ ft,^ 

on X as ()2.9|) in Section 2.1 such that 

(2.44) io t = w P , + y/^lddut + 2irt[D] 

is the canonical Kahlcr-Einstein current on X. As in Section 2.1, let E be an 
effective Q-divisor on X such that Pt — E is ample and X\Suppi? is contained 
in 

(2.45) W := {x S X|d^ conit (af),(i)U coni t/(a;) > 0}\SuppD 



By the proof of Theorem II. 6[ W is a nonempty Zariski open subset of X and 
uj t ,uj t ' are C°° on W. Let Z? = ^diDi be the irreducible decomposition of 
D and let a* be a nontrivial global section of OxiPi) with divisor and let 
|| <7j || be the hermitian norm of Oi with respect to a C°° hermitian metric on 
Ox(Di), We may and do assume that || er,; ||< 1 holds for every i on X. Let b 
be a positive integer such that 

di < — 
o 

holds for every i as ((2TTJ) . Let <je be a global multivalued holomorphic section of 
E with divisor E and let /i£ be a C°° hermitian metric on E such that hp t ■ h^ 1 
has strictly positive curvature on X. For every < 5 ^ 1, we define the orbifold 
Kahler form u>p t s on X by 
(2.46) 

u Pt>5 := (1 - S)uj Pt + 5 fw P( - V-L&h B +ej] V=TSSlog(l- || ^ , 

where e is a fixed sufficiently small positive number so that w^j is an orbifold 
Kahler form on X branching along D with order m for every S € (0, 1]. 

For 5 > we consider the perturbed equation: 
(2.47) 

^_ . iiottJL, ((a(i-ii^n § ))- £ ii^iiL) A 

(w Ptl4 + y/=iddut, s T = — — n iia — • n • e " M 

II *•«> IU tD 

We see that (I2.47[) has a unique bounded solution u t) 5 whose C 2 -norm with 
respect to ujp u s is bounded by |Y1| p. 387, Theorem 6]. By the uniqueness of the 
solution of (|2.43| (cf. Theorem 14. 9p and the uniform weighted C 2 -estimate of 
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{ut,s\t £ (0,1)} parallel to the one of the solution of (|2.15p in Section 2.1, we 
see that 

(2.48) u t :=limu t .s 

<sio 

exists in C°°-topology on X\Supp.E and is the unique solution of (12.43)) under 
the condition that Ut is almost bounded on X (cf. Lemma \'2. 31) or equivalently 
iop t + ^/—lddu t is the canonical Kahler-Einstein current on (X,tD). We set 

(2.49) u t ,s ■= wp t ,6 + yf-tddutj. 
Then by the equation (|2.47|) . we see that 

(2.50) - Ric WM = w M 

holds on X\Suppi?. 

Now we shall compare ui™ g (t £ (0, 1)) and 0J™,(t < t'). We note that 

, ,n 

F s (x) :=-£-(*) 
u t,s 

tends to +oo as x tends to Supp£ by (|2~4T1) . ([2^47)) and the equation (|213|) 
replacing t by t'. Hence there exists a point xo £ X\SuppE where F(x) takes 
its minimum. Then by the maximum (minimum) principle and the Kahler- 
Einstein condition, we see that 

(2.51) Ut'(xa) ^ Ut,s( x o) 
holds. Hence we see that Fs(x) S 1 holds on X and 

(2.52) w » 4 ^ 

holds on X. Hence letting S tend to 0, by the convergence (|2.48[) . we see that 

(2.53) ^ wjj 

holds on X. This completes the proof of Lemma [2~4l rj 

Now we shall construct an AZD of Kx + D by using Lemma [2^41 

Theorem 2.5 In the above notations 

(2.54) d^ can := limd/ic^t 

t \ 1 

exists. And dfj,^ n ■ h„ D is an AZD of Kx + D. rj 

Proof. First we shall prove the convergence. By Lemma l2.4[ it is enough to prove 
that {dfi can .t\t £ (1 — £o,l)} is locally uniformly bounded on some nonempty 
Zariski open subset of X. Taking modification of X, we may assume that 
Suppi? is a divisor with normal crossings. Let H be an ample divisor such that 
Suppi? + H is a divisor with normal crossings on X. We set 

(2.55) U := X\{$uppEUH) 
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Then by |Koj , there exists a complete Kahler-Einstein form ojjj on Uq such that 



-Bic WH = uj h 

and it extends to a closed positive current on X. Then by Yau's Schwarz lemma 
([Y2]). we have that 



(2.56) dHcan,t ^-.^h 

n\ 

holds on Uq. Then by the monotonicity of {dfj, cantt } (Lemma l2.4p . this completes 
the proof of the convergence of dfi carit t as t j 1. Hereafter we shall identify 
dfi~ ant with the singular hermitian metric djj,~^ n t ■ h t aD on Kx + tD. 

Next we shall prove that d[i~^ n is an AZD of Kx + D. Let us fix an arbitrary 
<o € (1 — 6q, 1) PI Q. Then if^ + t D is big. Let £o be a sufficiently large positive 
integer such that B := £q(Kx + t$D) is an integral divisor and \B\ ^ 0. Let 
to be an arbitrary positive integer such that m(Kx + D) is Cartier. We note 
that dn~a n t is an AZD of Kx + tD for every f G (1 — £q, 1) fl Q. Then for any 
positive integer £, if we set 

(2.57) . := l -f±^. 
(2.58) 

H°(X,Ox(ml(K x +D)+B)) C O x (TO^+4)(^x+^))^(d^™ +£o) )) 

holds by the definition of s. We note that d/j can ,s = ^can holds on X by Lemma 
12.41 Hence we see that for every nonzero global section r € H°(X, Ox(B)) and 
arbitrary section a S H°(X, O x {m{K x + £>))), 

(2.59) G ff°(X,0x(m£ + 4)(ifx +D)) ® X(d/i-£ m+ *>>)) 

holds. Let us fix a C°° volume form dV on X. Let us take a positive integer I 
sufficiently large so that 



(2.60) / (|r| 2 -dn^ytdV <™ 

x 



holds. Then by Holder's inequality, we see that 
(2.61) 



X 

-1 



hold. Since a is arbitrary, this means that c?/i can • h aD is an AZD of Kx + D. 
This completes the proof of Lemma 12.51 rj 

Remark 2.6 There are many other way to approximate the LC pair (X,D) by 
a sequence KLT pairs {(X, Dk)\Dk ^ D} such that Dk di -Dfe+i and 
Dk T D as k tends to infinity. We may easily generalize Lemma \2.4\ including 
all such approximations. Hence we may generalize Theorem \2.5\ including such 
approximations, rj 

Definition 2.7 Let (A, D) be a LC pair of log general type. Then dfi can con- 
structed as above is said to be the canonical measure on {X, D) rj 
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I believe that dfi can constructed is C°° on a nonempty Zariski open subset of X. 
But at present it is not clear. In the following examples, the canonical measures 
are generically C°°. 

Example 2.8 Let X be a smooth projective variety and let D be a divisor with 
normal crossings on X such that Kx + D is ample. Then (X,D) is a LC 
pair. Then by [Ko], there exists a complete Kahler-Einstein form u>e on X\D 
such that — Ric Wj5 = loe holds on X\D. Then oje extends to be a closed positive 
current on X cohomologous to 2irci(Kx+D) and is a canonical Kahler-Einstein 
current onX. g 

Example 2.9 Let X be a smooth projective n-fold and let D be a divisor with 
normal crossings on X such that for every sufficiently small positive rational 
number e, Kx + (1 — e)D is ample. Then as in jTJJ /, for every sufficiently large 
positive integer m, there exists an orbifold Kahler-Einstein form u) m on the KLT 
pair (X. m ~ D). Then as in \T2j . we see that Woo := lim m — )tx) w m exists on X 
as a closed positive current and in C°° -topology on X\D. Then (n!)^ 1 ^^ is 
the canonical measure on the LC pair (X,D). rj 



3 Ricci iterations 

In this section, we shall construct solutions of (|1.8|) and (|2.9j) as the limit of 
dynamical systems of Kahler forms or closed semipositive currents. The dy- 
namical systems are defined by Ricci iterations. This construction will be used 
to define family of dynamical systems of Bergman kernels which converge to 
the canonical Kahler-Einstein current on a KLT pair of log general type. More 
precisely we use the Ricci iteration to eliminate the effect of singularities of sin- 
gular hermitian metrics on the Q-line bundle. In this section, we shall use the 
notations in the previous section, if without fear of confusion. 



3.1 The case of twisted Kahler-Einstein forms 

Let X be a smooth projective n-fold and let (L, hif) be a C°° hermitian Q-line 
bundle on X such that \/— 10h L = on X. We shall assume that Kx + L is 
ample. Let a be a positive integer such that aL is a genuine line bundle on X . 
Let cuq be a C°° Kahler form representing 2iraci(Kx + L). For to ^ 0, we shall 
define a sequence of Kahler forms {w m }^ =0 inductively by : 

(3.1) - Ric Wm + - — - ui m -i + V 7 -! ©fti = w m (m = 1, 2, • • • ). 

a 

Let us reduce (I3.ip to the sequence of Monge- Ampere equation as follows. Let 
f2 be a C°° volume form on X such that 

(3.2) oj =a(-Ricn + y/^10 hL ) 

holds. We define the sequence of C°°-functions {M m }m=o by ito = and for 
m ^ 1 

/„ ct \ , (wo + \ rz ^ddu m ) n a - I 

(3.3) log =U m —Um-x. 
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The existence of follows from the solution of Calabi's conjecture 

lYlj ). Then we see that the sequence of Kahler forms: 

(3.4) uj m := uj + ^/~^lddu m (m ^ 0) 

satisfy the successive equations (|3.1[i . Now we shall state the result. 

Theorem 3.1 Let {w m }m=o ^ e ^ e sequence of Kahler forms defined inductively 
by i3.1\) as above. Then 

(3.5) lu := — lim u> m 

d m — >oo 

exists on X in C°° -topology and to is a C°° Kahler form on X . And lu satisfies 

(3.6) - Ric w + V^lQhL = v 

on X, i.e., lu is the twisted Kahler- Einstein form associated with (X, (L, hif)) 
(cf. Definition \l.l\) . rj 

Proof of Theorem\KB By (pH]) . we have that 

, Q -s , (w + V^ddu m ) n a - 1 , 

(3.7) log — — = U m - U TO _i (Um-l - «m-2 

(wo + v-laau m _i)™ a 
holds for every m ^ 2. We note that 

(3-8) log- _ 5 — = / A t (u m - um-i)dt 

[w + V-Wdu m -i) n Jo 

holds, where A t (t <G [0,1]) denotes the Laplacian with respect to the Kahler 
form (1 — t)bj m -i + tbj m . Then by the maximum principle and (|3.7j) . we see that 

(3.9) sup(u m - u m -i) = - — - sup(u m _i - u m _ 2 ) 

x a x 

and 

(3.10) inf(tt m - u m -x) ^ - — - inf(u m _i - u m „ 2 ) 

X CL x 

hold for every m ^ 2. Hence by (13. 9|) and (|3.10[) , 

(3.11) lim (u m - u m _i) = 

m — >oo 

holds and there exists a positive constant Co independent of m such that 

(3.12) \u m \SC Q 
holds on X. 

Now we shall consider the uniform C 2 -estimate of {u m }. We follow the 
argument in |Ru[ Theorem 3.3] modeled after |B-K| . Let / : (M,g) — > (N,h) 
be a holomorphic map between Kahler manifolds. The Chern-Lu inequality in 
the context of Yau's Schwarz lemma ( [Lu( IY2] ) gives: 

rti^ a t ia^i2 > Bic g (df,df) Biscc h (df,df,df,df) 
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where A g denotes the Laplacian with respect to g. Let / be the identity map 
lx '■ (X,uj m ) — > (X, ujq). By rewriting the equation (|3.ip as: 

a — 1 , — 
a 

we see that Ricci curvature of (X, u> m ) is uniformly bounded from below along 
the Ricci iteration by our assumption that \J— 10h L is semipositive. Since 

\9f\ 2 = tr a)m w =n - A Um u m , 

we see that 

(3.14) A Wm log(n - A Wm u m ) ^ -C(l + n - A Wm u m ) 
holds for some positive constant C independent of m. Hence 

(3.15) A Wro (log(n - A Um u m ) - (C + l)u m ) ^ -n - C*(l + n) + (n - A Wro u m ) 

holds. Hence by the maximum principle and the uniform estimate Q3.12p we see 
that there exists a positive constant C 2 such that 

(3.16) \\u m \\ c ^C 2 

holds, where || 1 1 ^2 denotes the C 2 -norm with respect to cjo- Then by the 
general theory of nonlinear elliptic equations of 2nd order ( |Tr| ) . we see that 
there exist a positive number a < 1 and a positive constant C 2 ^ a such that 

(3.17) || U m \\c^°>^ C 2 ,a 

holds, where || ||c 2 >° denotes the C 2 ' Q -norm with respect to ujo. Hence there 
exists a subsequence {nik} of N such that 

(3.18) u := lim u mk 

k — >og 

exists in C 2:Q -topology. Then by ()3.3p and (|3 . 1 1|) . we see that u satisfies the 
equation: 

(3.19) log = - u 

II a 

on X. We note that (|3.19p has a unique solution as in |Ylj . Hence by (|3.9p and 
p.lOp the limit u exists in C 2,Q -topology without taking the subsequence {mt}- 
Hence by taking the \J — ldd of the both sides of (|3.19p , by the definition of 
(cf . (I3.29P ) , we see that if we define u> by 

(3.20) uj := -(ojo + \f-iddu), 

a 

then 

(3.21) - Ric w + V^l®h L = w 
holds. This completes the proof of Theorem 13. 11 q 
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3.2 The case of canonical Kahler-Einstein currents 

Next we shall construct the canonical Kahler-Einstein current in Theorem ll.Gl in 
terms of Ricci iterations. The major difference is that the C°° hermitian Q-line 
bundle (L,hi,) is replaced by a singular hermitian Q-line bundle (D,h aD ) (cf. 

Let X be a smooth projective ro-fold and let D be an effective Q-divisor on 
X such that (X, D) is a KLT pair. We assume that Supp D is a divisor with 
normal crossings and Kx + D is big. We assume that there exists a Zariski 
decomposition : 

(3.22) K X + D = P + N (P, N e Div(X) ® Q) 
i.e., P is semiample, N is effective and 

(3.23) H°(X, O x (maP)) ~ i2"°(X, 0(ma(K x + D))) 

holds for every to Si 0, where a is the minimal positive integer such that 
aD,aP,aN e Div(Jf). We may assume that (X,D) satisfies the above con- 
ditions without loss of generality as was observed in Section 2.1. 

Moreover since adding exceptional effective Q-divisors does not change the 
log canonical ring and the canonical Kahler-Einstein current depends only on 
the log canonical ring essentially as is seen in Theorem 14.91 below. 

Let hp be a C°° hermitian metric on P with semipositive curvature. We set 
(3.24) 

U := {x G X\ \v\P\ is very ample on a neighbourhood of x for every v ^> 1}. 

Let a be a positive integer such that aD € Div(X). For to ^ 0, we shall 
define inductively a sequence of closed positive current {uJ m }m=o satisfying the 
following conditions : 

(PI) ujq — a (%/— lOhp + 2tt[N]), where [N] denotes the current of integration 
over TV. 

(P2) The cohomology class of [ui m } of cu m is equal to 2na ■ c\(Kx + D). 

(P3) u rn is C°° on U. 

(P4) {uJ, n }m=o satisfies the equation : 

(3.25) - Ric LUm + a - 1 u m -i + 2tt[D] = w m 

on U for every m ^ 1. 
(P5) We define the singular hermitian metric h m by 

(3-26) ^ := (< Q&C ■ (<- M6c ) a -T" 

on Kx + D. Then h m is an AZD of Kx + D for every to ^ 1. 
Now we shall state the main result in this subsection. 
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Theorem 3.2 The dynamical system {^m}m = o satisfying (P1)-(P5) above ex- 
ists and unique and the limit 

(3.27) uk '■= — lim <^m 

CL m — y oo 

exists in C°° -topology on every compact subset of U ( cf. (|3. 24[) ) and afco in the 
sense of current on X. The closed positive current lok satisfies the equation : 

-Ric Wjf + 2tt[D] = lu k 

on X and lok is the canonical Kdhler- Einstein current on (X, D) ( cf. Definition 

ESP- □ 

Let us reduce (I3.25[) to successive Monge- Ampere equations. Let <jn be a multi- 
valued holomorphic section of N with divisor TV. Let ho,hM are C°° hermitian 
metric on D and N respectively. Let f2 be a C°° volume form on X such that 

(3.28) hp := fT 1 • h D ■ h N \ 
holds. Then 

(3.29) too = a(-Ricr2 + 27r[7V]) 
holds. We set 

(3.30) u P :=y/=lQ hp . 

As in Section 2.1 let E be an effective Q-divisor such that P — 5E is ample for 
every 5 £ (0, 1]. As before we may and do assume that Jf\Supp_E = U holds 
(cf. (|2.11[) in Section 2.1). Then there exists a C°° hermitian metric He on E 
such that hp ■ h~^ is a metric with strictly positive curvature on X . We define 
the sequence of functions {u m }m=o by uq = and for m ^ 1 as follows. 

(Ql) {u m } are almost bounded in the sense of Lemma T2.3I in Section 2.1, i.e., 
for every Sq £ (0, 1] there exists a constant C~(Sq) depending only on 5q £ 
(0, 1] and a constant C+ independent of m such that for every S £ (0, So), 

C-(S Q ) +5 log ((Q(l- || *i ||^))- £ || °E IlLj ^ ^ C + 

holds, where we have used the notations in Section |2~T1 (cf. (|2.7[l . (|2.46p 
etc.). 

(Q2) u m £ C°°(A\Supp£;). 

(Q3) {u m } satisfy the successive equations: 

/g q-i \ , (au P + «/=Tddu m ) n || (?n \\h N .( a-1 

(3.31) log = 1 °g-n iTT^ + \ u ™ «m-l 

n II llh D V a 

for m ^ 1. Then as in the Section 2, (|2.9|) . (|3.31|) is equivalent to (|3.25[) . i.e., 

the sequence of closed positive currents {w m } defined by 

(3.32) uj m := a{uj P + 2ir[N]) + ^/^lddu m 
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satisfies the conditions (PI) to (P5) above. For example the almost boundedness 
(Ql) implies the condition (P5) and (Q2) implies (P3) etc. 

The construction of {a m }" =f] is very much similar to the one of Theorem 
11.61 in Section 2. The only difference is that we need to estimate inductively. To 
construct {w m }m=o we consider the perturbed equation as follows. For a fixed 
S £ (0, 1], we set 
(3.33) 



w m ,j,0 :=oj p + 5 ( - — - ) [ V-l@h E +E\/-199>;iog(l- || o, ||«) 



where e is a sufficiently small positive number such that uj m ,Sfi is an orbifold 
Kahler form on X for every 6 € (0, 1] as in Secion 2.1. We consider the successive 
equations: 

(aoj m< 5,o + V-lddu mtS ) n II ^Jv H^.^ / a-1 



(3.34) log - '■ = log -r: ^ L +[U mi S Um-1,6 

for m ^ 1 and we set 

(3.35) u m .s ■= auj m ,s,Q + V—lddu mt s- 

We set uq^s = 0. Then inductively by using the same strategy as in the proof 
of Theorem 11.61 in Section 2, by [Ylj p. 387, Theorem 6], we see that (|3.34[) has 
a sequence of bounded solutions {u m ,s}m=o such that for every m, u m ^ has a 
bounded C 2 -norm on X with respect to the orbifold Kahler form oj\\jq. 

Lemma 3.3 For every e > there exists a positive constant Co. e such that 

ui, s ^ -C 0>e + elog || o E \\l E 

holds for every S G (0,1]. n 

Proof. We set 

(3.36) Ui,s,e ■= ui t s - e ^log || o E \\h E -e^log(l- || a { ||f )^ 
and 



o + eV=l^-e fci ,-eaS^Iog(l- || o-i ||*)j 



Then ui j( 5 je satisfies the equation: 

, + v^i^w , ii ^ iil ■ ii gg 11& ■» 

<5,0,e II ^ IIL n*(l- II °i PY* ■ "l,6,0,e 

We note that since u>i t s,o,e is an orbifold Kahler form, by the choice of b (cf. 
(|2.7p ). there exists a positive constant Co je depending only on e such that 

log II °n IIL ■ II °* IIL < c 
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holds on X. We note that since is bounded on X, ui^s^ix) tends to +00 as 
x tends to Supp E. Hence by applying the maximum priciple, we obtain that 

u i,s,e = _ Co,6< 
holds on X . By ()3.36p . we obtain the lemma, rj 

As (|3.7p we have that 

(3.37) 

(au m ,s,o + V-^ddu m S ) n a - I 

log- /-^r~~ r - = \U m ,6 - Um-l,S) {U m -1,5 ~ U m -2,S) 

{au) m -l,8,0 + V -iooum-i,s) a 

for to ^ 2. We note that on X\Suppi?, 

(3.38) 

{au} m . s .o + V^lddu m .s) n . (au m -i,8.o + -J^ldd (u m . s - a m Slog \\ a E ||L))" 
log — - — ! — = log ■ 



holds, where 

1 / a — 1 x m_1 

(3.39) a m := - 

i 

The definition of {a m } follows from the successive equations in cohomology 
classes: 

(3.40) 27r[P] + ^=-^[w m _i,j] = [w m ,s] (m ^ 1) 

arising from (|3.25|) . 

We note that the equality: 

(3.41) (u m ,s - u m -i,s) (um-1,5 - Um-2,5) 

I! 

(u m ,s - Um-1,6 - a m S\og |! a E ||fe E )- a - 1 (u m -i,5 ~ u m -2,6 ~ a m -i<51og II a E \\ 2 hE ) 
holds. We also note that by the boundedness of \u m ^\ and |u m -i,<5| on X, 

(3.42) (u m> 5 - u m -i,5 - a TO 51og || a E ||^ B ) (x) — ► +00 as x — ^ Supp E 

holds. Hence applying the minimum principle to (|3.37j) . by using the similar 

formula as (13. 8|) . 

(3.43) 

inf (u mt s-u m ^xs-a m S log || ctb ||?) Si inf(u m _! s -u m -2j-Oim-i8\og || a E ||? ) 

x ax 

holds for every m Si 2. Hence {u m ^} is an almost monotone increasing sequence 
in this sense and by Lemma 13.31 (taking e > sufficiently small), there exists a 
positive constant Cq(S) depending S such that 



(3.44) 11*171,6 ~ Um-1,5 ~ a m 5\og || a E ||£ E Si -C (S) 



m — 1 
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holds for every to ^ 1. By (|3.39|) and (|3.44p , we see that 

(3.45) u m , 5 ^ -C (S)-a + 5log \\ a E \\\ E 

holds. But this estimate depends on 6. 

To get the uniform lower estimate with respect to <5, we set 

(3-46) u m ,s(e) := u m .s - e I log || a E ||L 



for to ^ 0. Then by Lemma l3.3[ the similar argument as above replacing u mj $ 
by u m<s (e) and u m ,s,o by 

(a — 1 \ m 

(3.47) w m ,5,o(«) := %,{,o - e\/^T ( I 6^ 



we see that for every e > 0, there exists a positive constant Co, c (same as in 
Lemma |3.3|) independent of S such that 



(3.48) u mt5 (e) - u m _i,<s(e) - a m {5 + e) log || cr B \\\ > -C ,, 



a — 1 



ft 

holds. Hence we have the uniform lower estimate (with respect to 5): 

(3.49) u m , 5 ^-C , £ -a+{(^) e + (8 + e)j log || a E ||^ 
On the other hand, since 

exp ^it m .,5 - ^-^-u m -i,5^ ft = (2tt)" - ^) ^ 

holds. By the concavity of logarithm as (|2.28[) and (|2.29[) . we see that there 
exists a positive constant Co independent of to and S such that 

(3.50) J (u m . s - ^■u m _i i jj il ^ C 

holds. Hence by the almost monotonicity and the almost pluri-subharmonicity: 
^>m.s — ^m.s.o + V '—lddu m .s ^ 0, we see that there exists a positive constant 
C+ independent of to and S such that 

(3.51) u m ,s = C + 

holds. Hence by the almost monotonicity of {um.s}m=o we see that 

(3.52) us := lim u m x 

m — >oo 

and 

(3.53) u := lim u m 

ra — >oo 
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exist. Let u>p t s(S E (0,1]) be the orbifold Kahler form defined as (|2.46[) in 
Section 2, i.e., 



(3.54) ups ■■= ojp + S \-V-L® h 



:£>/=l301og(l- || 



As in Section 2 we consider the perturbed equation: 
(3.55) 

^_ _ 11^ IIL (dliCi- II ll*))~ e II °e ||L 

(aujp^+V-lddvm^r = jj p exp ( v m ,$ 

I a D \\h D 



where 

(3.56) v m . s := tt m ,« - ( 
This equation is equivalent to 



l-cw5)-logf(II(l-|| ^ll 1 ))" 11^ IIL) 



(3.57) - Ric Wm { + - — -u m -i t g + 2n[D] = u m S 

a 

as before, where 

(3.58) u m j := a(uj Pt i + 2tv[N]) + y/^lddv mtS . 

Then by the weighted inductive C 2 -estimate as in the proof of Theorem II. Gl 
(or the uniform weighted C 2 -estimate below as the proof of Theorem 13.11 using 
Schwarz type lemma) letting 5 J. 0, we see that {u mt s} exists for every m 2i 
and S € (0, 1]. Here we note that Ap t iV mj g is bounded on X for every m and 
5 > 0, hence, we may take the constant C in Lemma 12.21 independent of m 
and 5, since e~ CVm - 6 (n + Ap t iV m> s) is bounded on X. Then as in the proof of 
Theorem ll.6[ we have the following lemma. 

Lemma 3.4 

(3.59) u m := limzt m s 

510 ' 

exists on X\Supp E compact uniformly in C°° -topology for every m and {u m } 
satisfies the family of equations i3.25]) . And {u m } satisfies the properties (Ql),( Q2) 
and (Q3) above, rj 

Then by Theorem l4.9l below. we see that {w m }m = i i s unique and gives a sequence 
of closed positive currents {ui m } satisfying (P1)-(P5) above. But we should note 
that the above inductive estimate may not be uniform with respect to m. Apriori 
the estimate may get worse as m tends to infinity, because to estimate the C 2 - 
norm of u mi $ by using Lemma 12.21 the (weighted) C 2 -norm of « m _i t 5 comes 
into the estimate. The following estimate gives a better C 2 -estimate of {u m } 
(or {u„ ltS }). 

To prove the convergence, we proceed just as the proof of Theorem 13. II But 
here we need to handle the incompleteness of X\Suppi? with respect to the 
orbifold Kahler form uip t i (cf. (|2.46p V First we note that by (|3.57p . Ric Wm a 
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is uniformly bounded from below along the Ricci iteration just as before. We 
note that the bisectional curvature of the Kahler orbifold {X, aujp y \) is uniformly 
bounded. Then applying the Schwarz type lemma: (|3.13[) to the identity map 
lx ■ (X,cu m j) — ► (X, aojp t i), as (|3.14|) . we see that there exists a positive 
constant C\ independent of m and 6 such that 
(3.60) 

^ m ,5 (log(n - A UJm 6 v m . s ) - (d + l)v m . s ) ^ n-Ci(l + n) + (n - A Um S v mt s), 

holds on U. We note that v m j blows up (to +00) toward Suppi? by the defi- 
nition (|3.56p and the C°-estimate (|3.49p (taking e sufficiently small). Then by 
the inductive C 2 -estimate of v m ,s using Lemma l2~2l as in Section 2 (cf. (|2.36|) ). 
if we take C\ (independent of m and 5) sufficiently large, then 

log(n - Au m _ s v m ,s) - (Ci + l)f m ,5 — * -00 as x ^ Supp£ 

holds and there exists a point x m j on A"\SuppiS, where log(n — A Um s v m .s) — 
[C\ + l)v m .s takes it maximum. Now we are ready to apply the maximum 
principle to (|3.60|) and we see that 

(3.61) log(n - A UmS v m ^)(x m ,s) ^ Ci(l + n) - n 

holds. Since v m .s is uniformly bounded from below by the definition of v mt s (cf. 
(I3.56p ) and the uniform lower estimate Q3.49p . there exists a positive constant 
C2 independent of m such that 

(3.62) Iog(n - A Wro s v m<s ) - (Ci + l)v m ,s ^ C 2 

holds on U. Letting 8 tend to 0, this gives a weighted C 2 -estimate of u m on 
every compact subset. Hence using [TrJ and the almost monotonicity of {u m }, 
we conclude that 

(3.63) u = lim u m 

m — >oo 

exists on A"\Suppi? compact uniformly in C°°-topology without taking a sub- 
sequence and u is almost bounded by (13.49P and (|3.51|) . 
Hence by (|3.3ip , u satisfies the Monge- Ampere equation: 

( oca\ 1 (aujp + V^lddu) n \\cr N \\ hN 1 

(3.64) log = log ^ — + - u. 

U || CfD \\h D a 

Then it is clear that 

u K :=- (aup + V^lddu) + 2w[N] 

a v 

satisfies the equation: 

-Ric WA . + 2w[D] = cu K . 
Now we define the singular hermitian metric: 

flK ■= I —.u% nh „ I • h, 



l K ■= [ —^K.abc ) ■ n <?D 

on Kx + D. Then by the equation (|3.64p and the uniform C°-estimates (|3.49p 
from below, we see that Hk is an AZD of Kx + D. Hence u>k is nothing but 
the canonical Kahler-Einstein current on (X,D). This completes the proof of 
Theorem O Q 
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4 Dynamical systems of Bergman kernels 



In this section, we shall construct twisted Kahler-Einstein forms and canonical 
Kahler-Einstein currents (on KLT pairs of log general type) in terms of dynami- 
cal systems of Bergman kernels. The proof is essentially the same as in |T7|IT9] . 
But here the dynamical construction cannot be applied directly to the twisted 
Kahler-Einstein forms or canonical Kahler-Einstein currents. In fact we apply 
the dynamical construction as in |T7[ IT9] to the solutions of (|3.ip or (13.251) . 
Hence the dynamical constructions here have two parameters. 

4.1 Dynamical construction of twisted Kahler-Einstein forms 

Let X be a smooth projective n-fold and let (L, Hl) is a C°° hermitian Q-line 
bundle on X such that 

(1) \J — 1 8ft, L is semipositive, 

(2) Kx + L is ample. 

Let a be a positive number such that aL is a genuine line bundle. Let h$ be a 
C°° hermitian metric on a(Kx + L) such that 

(4.1) to := V^l@ ho 

is a C°° Kahler form on X. Let us consider the dynamical system of Bergman 
kernel {-K^i}^! as follows. Let A be a sufficiently ample line bundle on X 
such that for every pseudo-effective singular hermitian line bundle (F,hp) on 
X, O x {A + F)®l{h F ) and O x (K x +A + F)®l(h F ) are globally generated. 
Such A exists by Nadel's vanishing theorem (cf. [N] p.561]). Let Ka be a C°° 
hermitian metric on A with strictly positive curvature. We set 

(4.2) K 1A := K(X, A + a{K x + L),h A - ■ h L ), 

a-1 

where K(X, A + a(Kx + L), tiA ■ h a a ■ h^) denotes the Bergman kernel defined 
as (jl.4[) . By the choice of A, Ox(A + a(Kx + L)) is globally generated. Hence 
we may define the C°° hermitian metric h\ t \ oni + a(Kx + L) by 

(4.3) h 1A := 



a-1 

where K (X, A + a(K x +L),h A ■ h a ■ h L ) 

For £ ^ 2, we define Kg \ and the C°° hermitian metric hi \ on A+£a(Kx+L) 

by 

(4.4) K lA :=K(X,A + ta{K x + L),hi- lt i-h^ • h L ) 
and define a C°° hermitian metric on A + la(Kx + L) by 

(4.5) h t>1 := 
Then as in |T9j . we have the following lemma. 



3G 



Lemma 4.1 

(4.6) K x := lim sup {/(£l)- n K eA 

is bounded and 

M ^-(^^ 

is a C°° hermitian metric on a(Kx + L). Here the constant (27r)~"n! is not so 
important anyway. The reason why we put such a constant will become clear in 
the next subsection. If we set 

(4.8) wi := V^ie^, 

then lo\ is a Kdhler form on X and satisfies the equation: 

(4.9) - Ric Wl + ^^ojq + V-tQhL = Wi- 

tt 

□ 

Next replacing ho,tuo by h\,ui respectively. We obtain the dynamical system 
of Bergman kernels {Ki^JfLi- Again 



(4.10) K 2 := lim sup { (£\)- n K e 2 

exists and h% :— j^yrK^ 1 is a C°° hermitian metric on a(Kx + L). If we set 

(4.11) LJ 2 :=V^Qh 2 , 

then u)2 is a Kahler form on X and satisfies the equation: 

(4.12) -Ric W2 + - — -oj 1 + ^lQ hL =uj 2 - 

a 

Inductively, for every positive integers m, we define the dynamical system of 
Bergman kernels {^,m}^i and a C°° hermitian metric h m on a(Kx + L). 
Then by Theorem 13. II we have the following theorem. 

Theorem 4.2 Let {-?Q,m}fci be the system of Bergman kernels defined as 
above. If we define 



(4.13) K m :— the upper- semi- continuous envelope of lim sup \/ (tl) n Kg m , 
then 

( 4 - 14 ) h ™ := -[2^ K ™ 

is a C°° hermitian metric on a(Kx + L) with strictly positive curvatur^\. And 
if we define a Kahler form uj m by 

(4.15) w m :=V=Te hm , 



7 The upper-semi-continuous envelope of the suprcmum of a family of pluri-subharmonic 
functions is again pluri-subharmonic by Le p. 26, Theorem 5], if the family is locally bounded 
from above. This operation is often used in this article. But anyway the adjustment occurs 
only on the set of measure 0. 
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then {w m }^ =1 satisfy the equations 

(4.16) - Ric Wm + - — - uj m -i + \/~^\Q hL = Lu m 

a 

on X for every m ^ 1 as (|3.ip . And 

U) := — lim uj m 

d m — >oo 

exists on X in C°° -topology and lu is the unique C°° -solution of the equation: 

-Ric w + \/^lQ hL = lu. 

on X, i.e., u) is the twisted Kdhler- Einstein form associated with {X,(L,hi,)). 
□ 

4.2 Dynamical construction of canonical Kahler-Einstein 
currents 

In this subsection, we shall construct canonical Kahler-Einstein currents in 
terms of dynamical systems of Bergman kernels. 

Let X be a smooth projective variety of dimension n and let D be an effective 
Q-divisor on X such that (X, D) is a KLT pair. We assume that Supp D is a 
divisor with normal crossings and Kx + D is big. We also assume that there 
exists a Zariski decomposition : 

(4.17) K X + D = P + N (P,7VeDiv(X)®Q), 
i.e., P is semiample, N is effective and 

(4.18) H°(X,O x (maP)) ~ H° (X , O (ma(K x + D))) 

holds for every m ^ 0, where a is the minimal positive integer such that 
aD, aP, aN G Div(X) hold. These assumptions are not actual restrictions as is 
stated in the beginning of Section 12.11 

Let hp be a, C°° hermitian metric on P with semipositive curvature. We set 
(4.19) 

U := {x € X\ \v\P\ is very ample on a neighbourhood of x for every v 3> 1}. 

Let an be a multivalued holomorphic section of D with divisor D. And we 
define the singular hermitian metric h aD by 

(4.20) K D := — ^. 

Let ftp be a C°° hermitian metric on P such that 

(4.21) ujp := aV^TQhp 

is a C°° Kahler form on X. Let ctat be a global multivalued holomorphic section 
of TV with divisor N. Let h aN be the singular hermitian metric on iV defined by 

(4-22) K N := 
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Let a be the minimal positive integer such that aD, aP, aN £ Div(X) hold. Let 
us consider the dynamical system of Bergman kernel as follows. As 

before, let A be a sufficiently ample line bundle on X such that for every pseudo- 
effective singular hermitian line bundle (F, hp) on X, Ox(Kx + A + F)®I(hp) 
and Ox (A + F) (8 2 (hp) are globally generated. 

The following lemma is trivial. But it explains why we can handle KLT pairs 
in the dynamical system of Bergman kernels. 

Lemma 4.3 

(4.23) <g> a% : O x (£aP) <-> O x (£a(K x + D))®l{{h P ■ K^' 1 ■ K D )) 
is a well defined injection for every £ ^ 0. rj 



Proof of Lemma \4-3\ Let a be an arbitrary holomorphic section of laP on an 
open subset V in X . Then a x l ia ■ ax is a multivalued holomorphic section of 
Kx + D on V. Hence we see that 



a ia ■ ax 

0~ D 

is locally L 2 -integrable multivalued meromorphic form on V, because (X, D) is 
KLT. We note that the equality: 



■ h„ 



\a-a N \ = 



ata ■ ax 



{hp ■ h N y 



N 



holds. Since (hp-hx) 



N 



= /ip-V| 2(1_1/fc) is locally bounded, 



we see that (I4.23[) is a well defined injection, rj 



Let \ia be a C°° hermitian metric on A with strictly positive curvature. We set 



(4.24) 



Ki, 



K{X, A + a(K x + D),h A ■ (h P ■ K N ) L 



and define a singular hermitian metric h\ y \ on A + a(Kx + D) by 

1 



(4.25) 



By Lemma 14.31 we have the natural injection: 
(4.26) 

H (X, O ( A + aP) ) H (X, O x ( A + a (K x + D) ) «g> J(h A ■ (h P ■ h aN ) a ~ 1 • K D ) ) . 

We note that by the choice of A, 0(A + aP) is globally generated. Hence we 
have that 

(4.27) hi,i = 0(h A ■ h a P ■ K N ) 

holds. Suppose that we have already defined K\^_\ and hi^—i such that 

(4.28) hg—i t i = 0(h A ■ h { ^ 1)a ■ C 1)a )- 
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Then we define K? i and the singular hermitian metric hg i on A + £a(Kx + D) 

by 

(4.29) K iA := K(X, A + £a(K x + D), h^ hl ■ (h P ■ h aN J— 1 • K D ) 

and define the singular hermitian metric on A + £a(Kx + L) by 

1 



(4.30) h t ,i := 



By the choice of A, we see that Ox(A + £aP) is globally generated and by (|4.28[) 
and Lemma 14.31 there is a natural injection: 

H°(X, O x {A+£aP)) ^ H {X,O x {A+£a{K x +D)),l{h l -i,iihp-h !TN ) a - 1 -h aD )). 

Hence hg,x — 0(hjx ■ h l p ■ h„ ) holds. In this way by the induction on £, we see 
that K^i, hg.i are well defined for every £ ^ 1 and 

(4.31) ht,i = 0(h A ■ 4 a • h%) 

holds for every £ ^ 1. 

Let us make ()4.31|) quantitative. Let {w m }^ =1 be the Ricci iteration constructed 
as in Theorem 13.21 in Section [3J We set 



a-1 



(4.32) fci:=Qf<o? j06c ) -(hp-h^r-'-h 
Then by the equation Q3.25p . we see that 

(4.33) wi = \Z^lQ hl = -Ric Wl + - — -w 

a 

hold on X, where uiq = a(v-18/, p + 27r[iV]) as in Theorem 13. 21 Let £ ^ 2 and 
suppose that there exists a positive constant Ci-x such that 

(4.34) Kt-. Xtl ^ Ct-x ■ hx (l ~ 1] ■ h A x 

holds. We note that by the extremal property of Bergman kernels, 

(4.35) Kt,i(x) := sup{\a\ 2 (x); J^\a\ 2 ■ (V M ■ (h P ■ K N ) a ~ l ■ fr CTD ) = 1} 
holds for every x £ X , where a runs all the elements in 

H° (x,O x (A + £a(K x + D))®l(h e -x,i ■ (h P ■ K N ) a ^ ■ h ao )} . 

And this vector space contains H°(X, Ox {A + £aP)) by Lemma POl and (|4.31|) . 

Let us estimate Kt t x from below by using the L 2 -estimate for 9-operators 
and (|4.35|) above. Let p G U(= X\Supp E) be an arbitrary point. Then since 
uix is strictly positive on a neighbourhood of p, by (|4.32p . there exists a holomor- 
phic normal coordinate (V, (zx, ■ ■ ■ , z n )) of (X, u>x) around p and a multivalued 
holomorphic functions fo, Jn defining effective Q-divisors D, N respectively on 
V such that 



(4.36) hl =([[(l-\z i \ 2 )+0(\\z\\ 3 )} 



D 



2» 



_ . _ 2an \dzx A ■ • • A dz n \ 2a ■ \f N \ 2a 
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holds on V. We may assume that V is biholomorphic to the polydisk A n (r) of 
radius r with center O in C™ for some < r < 1 via (z\, ■ ■ ■ , z n ). Taking r < 1 
sufficiently small we may assume that there exists a C°°-function p on X such 



that 






1. 


p is identically 1 on 


A"(r/3). 


2. 


0^/9^1. 




3. 


Suppp cc y. 




4. 


dp < 3/r, where 


| denotes the pointwise norm with respect to lo\ 


5. 


There exists a local 
/iA(eA,e^)(p) = 1. 


holomorphic frame e A of A on V such that 



We set 
(4.37) 



n 



{d Zl A • • • A dz n )® ta • /; 



Then the L 2 -norm || p ■ Tg \\ of the cut off p ■ ti with respect to h\ ■ Ha and uj\ 
concentrates around p as I tends to infinity. More precisely, noting the equality 

2tt 



(4.38) 



(1 - \t\ z ydtAdi 



1 



(where A :— {t e C; \t\ < 1}), we see that 



(4.39) 



II P ■ n II 



->2na£ 



as £ tends to infinity , where ~ means that the ratio of the both sides converges 
to 1 as t tends to infinity. We set 



(4.40) 



4> := nplog^ | Zi | 2 



We may and do assume that I is sufficiently large so that 
(4.41) {I - l)o;i + V-t@h A + V^lOhp + V^T990 > 

holds on X. We note that d(p ■ Tg) vanishes on the polydisc of radius r/3 with 
center p as above. Then by (|4.39|) ,the L 2 -norm 

(4-42) Wdip-n)^ 

of d(p ■ Tg) with respect to • Ka ■ h^ 1 and lo\ satisfies the inequality: 

2n+2 



(4.43) 



II d(p-n) \\IS C 



for every i, where Co is a positive constant independent of I. By Hormandcr's 
L 2 -estimate applied to the adjoint line bundle of the hermitian line bundle: 

(4.44) {{(£ - l)o + (a - \)}{K X +D) + D, e~+ ■ h A ■ (h P ■ h^f- 1 ■ h[~ l -h aD ), 
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we see that for every sufficiently large i, there exists a C°°- solution u of the 
equation ; 

(4.45) du = 8{p ■ Tt ) 
such that 

(4.46) u{p) = 
and 

(4-47) \\u\\l^- e \\d(p-r e )\\l 

hold, where |j ||^'s denote the L 2 -norms with respect to ■ Ha • h]^ 1 ■ h ar> 
and u)\ respectively. Then p ■ tj> — u is a holomorphic section of la(Kx + D) + A 
such that 

(4.48) (p ■ n - u)(p) = T t (p) 

and 

r o \ 2n+2 /7T\ / _ \ n 

"3 \ / 1 \ -fla.nl I 27T » 



(4.49) llp.^-uH^ 1 + Cq- - .W 7 -2 



Hence by the inductive assumption (14.34[) and (|4.35p , this implies that there 
exists a positive constant C independent of £ such that 



(4.50) 



K eA (p) ^{l-^j.r- (27T)"" • • (h- A l ■ h?) (p) 



holds, since the point norm of m at p (with respect to Ha • h\) is asymptotically 
equal to 2 tn . Then by induction on £, using ()4.35[> and (|4.34p . we see that there 
exists a positive constant C and a positive intger l\ such that C / \fl\ < 1 and 
for every I > l\ 

(4.5i) KtM zc'-(J^(i-^y (eir ■ {^r in ■ h-/ ■ ( P ) 

holds. Since p € U is arbitrary, we have the following lower estimate. 
Lemma 4.4 



(4.52) limsup { (£\)- n K e i ^ (2ir)- n hl 1 
holds on X . rj 

Next we shall estimate -K^i from above as in |T9j . We set 

, jrq , . dimiJ (X, Ox (MKx +D))) 

(4.53) p(X,K x + D) = n\ ■ a "hmsup — — — — — . 

e^oo £ n 

We call p(X, Kx + D) the volume of X with respect to Kx + D. 
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We set for every t ^ 1 

(4.54) dV e := KJ X ■ (h P ■ K N ) a ~ x ■ K D ■ h\. 

Then dVi is a singular volume form on X. But by the construction, TiydVi is a 
locally bounded volume form on V for any ttv ■ A™ — > V &s ()2.13j) and (|2.14jl . 
By using Holder's inequality, we have the following lemma. 

Lemma 4.5 

(4.55) limsup (£\)~T j dV e ^ a n n(X,K x + D) 
holds. 

Proof. The following proof is essentially the same as |T9( Lemma 3.2]. By 
Holder's inequality we have that 



(4..%) / dV, ,.. j / (J?L)dVt-i I • ( / i 



holds for every m ^ 2. By direct calculation, we see that 

(4.57) (J^t) = ^ ' ' ( ftp ' h ^T^ ' ^ ' 

holds. Hence by the definition of the Bergman kernel Kg t i and (|4.57p we have 
that 

(4.58) J (J^rA dVt-i ^ dim\£a(K x + D) + A\ + 1 
holds. Combining (|4.56[) and (|4. 58[> . we have that 



(4.59) J dV t ^ (dim \£a{K x + D) + A\ + iy ■ l^J dV t -i 

holds. Repeating the same estimate (if m ^ 3), 
(4.60) 

dV t ^ (dim \la(K x + D) + A\ + l)*-(dim \{l - l)a(K x + D) + A\ + / dV e . 
x \Jx 



holds. Continueing this process, we obtain the inequality: 
(4.61) 

Then by (gUJ) and (|4~53"f . 



/ dVi = (n( dim ' A + ka ( Kx + °)\ + ^ 



(4.62) limsup(£!)~7 j dV e ^ a n f i(X,K x + D 

l^oo J X 
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holds. This completes the proof of Lemma l4~5l rj 



By the assumption that Kx + D is big, we see that n(X, Kx + D) is positive. 
Moreover by the existence of the Zariski decomposition (|4.17[) , we see that 

(4.63) f i(X,K x +D) = P n 
holds. 

On the other hand, since hi is an AZD of a{Kx + D), we see that the 
absolutely continuous part LO\ t abc of is cohomologous to 2airc\(P) and we 
have that 

(4.64) / < abc = (27r)W" 

jx 

holds. Hence by (|4.63|) and (14.64L we have that 

(4.65) / ul ahc ={2K) n a n ii{X,K x +D) 
Jx 

holds. Then by (|4*1)2")) and P~Bo]) . we see that 

(4.66) hmsup(f!)-t / dV e ^ f co[\ abc 
holds. By Lemma l4~4l and (|4.32j) . we see that 

(4.67) limsup(«)-*d^ ^ (2Tr)- n h^ ■ (h P ■ K N )-^ ■ h~l = (2ir)- n ^ 

£ — >oo 

n - 

hold. We note that (£\)~t~ K^ x is the £-th root of sum of absolute value squares 
of holomorphic sections and is considered to be pluri-subharmonic with respect 
to a local holomorphic trivialization of A+£a(Kx+D). Then by the definition of 
dVi (cf. (|4.54[) ) and (|4.66p . we see that (£\)~ ? WydVe is locally uniformly bounded 
and semipositive voume form on A™ for any local cyclic branched covering ny ■ 
A™ — + V as (f2~T3]) and ijSTRjl in Section 2. Hence by Lebesgue's bounded 
convergence theorem, 

(4.68) / limsup(^!)~^dV« = limsup(^!)~? / dV t 

JX l — >oc I — >oo JX 

holds. Hence by flUHg]) and (TOT)) , we have 

(4.69) limsup(fl)-*dV< = 7^w? iO60 
hold almost everywhere on X. Hence by (|4.69[) and (|4.54p 

(4.70) hmsup {/(£\)- n K lA = (^ >oi(c ) • (h P ■ K N )-^ ■ h~l = K 1 
hold almost everywhere on X . Then by (|4.32p imply the following lemma. 
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Lemma 4.6 

(4.71) K\ := the uppcrsemicontinuous envelope of limsup {/(£\)~ n Ke i 
exists and 

is an AZD of a(Kx + D). If we set 

(4.72) wi:=-/=le hl) 

i/ien wi is a closed positive current on X and satisfies the equation: 

(4.73) -Ric Wl + ^-^w + 2n[D] = Wl . 



on X and 



holds on X. rj 

Next replacing hp,uJo by hi,u>i respectively. We obtain the dynamical system 
of Bergman kernels {Ke^fLi an( i 

(4.74) K 2 := lim sup {/(£[)-"■ K L2 

exists and h 2 := is a C°° hermitian metric on a(Kx + D) on U and is a 
singular hermitian metric on a(Kx + D). If we set 

(4.75) u 2 :=^\Q h2 , 

then W2 is a Kahler form on X and satisfies the equation: 

(4.76) - Ric W2 + + 2tt[L>] = w 2 . 

Inductively, for every positive integer m, we define the dynamical system of 
Bergman kernels {-?Q,m}£i- Continueing this process, we obtain the following 
theorem. 

Theorem 4.7 Let {iQ,m}£i ^ e ^ e system of Bergman kernels defined as 
above. If we define 

(4.77) K m := the upper-semi-continuous envelope of limsup a (£\)~ n Kt <m , 
then 

is a singular hermitian metric on a(Kx + D) with strictly positive curvature on 
U and is an AZD of a(Kx + D). And if we define the closed positive current 
LO m on X by 

(4.79) uj m :=y/=ie hm , 
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then {u> m }m=i satisfy the equations 

(4.80) - Ric Wm + - — - w m _i + 2n[D] = uj m 

a 

on U for every m ^ 1 as (|3.25p . Hence by Theorem \3.°A 

u) K := - lim ui m 

& m — >oo 

exists in the sense of current on X and in C°° -topology on U . And lok is the 
unique solution of the equation: 

-Bic UK + 2n[D] = u K , 

on U such that 

h}i ■= \ -^^K,abc\ '^d 

is an AZD of Kx + ^El i-e. lok is the canonical Kahler- Einstein current on 
(X,D). n 

Now we shall consider the uniqueness of canonical Kahler-Einstein currents 
on KLT pairs. To state the result we shall introduce an equivalence relation 
between KLT pairs. 

Definition 4.8 Let (X 1 ,D 1 ),(X 2 ,D 2 ) be KLT (resp. LC) pairs. We say that 
(Xi,Di)(i — 1,2) are birationally equivalent, if there exists a KLT(resp. LC) 
pair (Y, Dy) and compositions of blowing ups with smooth centers: fii : Y — > 
Xi(i= 1,2) 



(4.81) 




M2 °Mi 



such that 

K y + Dy- tf(K x + A) (i = 1, 2) 

are effective exceptional divisors respectively. Here \i2 ° [i^ 1 is a birational ra- 
tional map [— | 

Using Theorem 14.71 we obtain the following uniqueness of canonical Kahler- 
Einstein currents on KLT pairs. 

Theorem 4.9 Let X be a smooth projective variety and let D be an effective 
Q-divisor on X such that {X, D) is KLT pair of log general type. Then canonical 
Kahler-Einstein current u>k on the KLT pair (X, D) is unique. 

Moreover if two such KLT pairs (Xj,_Dj)(i = 1,2) are equivalent in the 
sense of Definition \4-S\ then for any KLT pair (Y, Dy) and the morphisms 
Hi : Y — ► Xi(i = 1,2) as in Definition \4-8\ we have that for the canonical 
Kahler-Einstein current luk on (Y,Dy), (ni)*uiK(i — 1, 2) are unique canonical 
Kahler-Einstein currents on (Xi,Di)(i = 1,2) respectively, rj 

8 Here h ai> appears just to identifya multivalued holomorphic section of Kx + D with a 
(n, 0) form with pole along SuppD. 
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Proof. As in Section 12.11 we take a log resolution fi ; Y — > X of (X, D) which 
satisfies the followings : 

(1) If we write Ky = fi*(Kx + D) + J2 caEi, where {E{\ are prime divisors, 
then a, > —1 holds for every i. 

(2) There exists a Zariski decomposition: of fi*(Kx + D) = P + N of ^*(K X + 
D) as ((231) . 

We set I :— {i\ <ij < 0}. Then replacing X by Y and D by 
(4.82) D Y := J^-oO-Ej, 

we obtain a new KLT pair (Y, Z?y) such that 

(a) R(Y,K Y + D Y )~R(X,K X + D), 

(b) There exists a Zariski decomposition: Ky + D Y — P + (N + Yli&i a iEi)- 

Suppose that Theorem 14.91 holds for (Y,Dy). Then if there exist canonical 
Kahler-Einstein currents ujk,i,^k,2 on (X,D), we see that h*ujk,i = H*^k,2 
holds. Hence u>k,i — wk,2 holds on X. 

Hence to prove Theorem I4.9[ we may assume that Supp D and Supp N are 
divisors with normal crossings and the Zariski decomposition Kx + D = P + N 
exists on X from the beginning. 

We set n := dimX. By the construction of {-fQ, m } as above, we see that 



Kt :=limsup(/(^!)-"X« ) i 

l — >oo V 

does not depend on (A, Ha) and if we set 

hi := the lower-semi-continuous envelope of K^ 1 
is an AZD of a(K x + D). On the other hand let uj[ be a solution of 

-Ric w ; + - — -ujq + 2tt[D] = oj[. 

1 a 

such that ] 

h[ ■■= (^K Qbc r) ■ (h P ■ h^r- 1 ■ k d 

is an AZD of a(Kx + D). Then by the proof of Theorem 14 . 71 above . we see that 

(4.83) ui = V^ie hl = V^Te^ 

holds. Hence (|4.73p has a unique solution. If a = 1, then we have nothing to 
prove. If a > 1, then by the equation ()3.25p . we have that lok is unique up to 
the choice of hp. 

Now we shall prove that lok does not depend on the choice of hp. This 
follows from the contraction property of the Ricci iterations. Let us recall 
the equation (|3.34p . Let {u m ^}m=oA u 'm s}m=o ^ e tne systems of solutions 
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corresponding to the metrics hp and h' p respectively. Then by (|3.34[) . we have 
that 

(4.84) 

, (auj m .s.o + V^lddum.s) 71 , , a - I , 

log 7 , r-raa , = Km ~ u m-i,s) K-i/ - u m -2.s) 

hold for 77i ^ 1. Let e be a sufficiently small positive number and we define 
u m,s{f)iu' m si e ) as P-46|) . Then repeating the same argument as in Section 
3.2 (cf. (|3.48[) ) by the maximum principle, we see that there exists a positive 
constants C/\ independent of m and 8 such that 

holds, where a m is as Q3.39p . hold for every m ^ 1. Switching u mj $(e) and 
u' m ^(e), we see that there exists a positive constant C+ independent of m and 
8 such that 



m— 1 



(4.86) u m - ljS (e)-u' m}S (e) + a m (8 + e)log\\a E \\l E ^C (+) 

holds. In Section 3.2, we have already observed that {u m ,s}m=a anc l { u ' m s\m=o 
converge. Hence by the estimates (|4.85j) and ()4.86|) 

(4.87) lim (M m . 5 - u' m s ) = 

m — ^-oo 

holds on U. Now we note that the estimates (I4.85[) and (|4.86p are independent 
of 8. Then letting 8 tend to 0, by (|3.32p we have that luk — linim^oo oj m is 
independent of the choice of hp. This completes the proof of Theorem 14.91 rj 



5 Variation of canonical measures 

In this section we shall prove Theorems 11.811.911.101 and 11.141 In Section [H we 
have decomposed the Ricci iteration in Section 3 into iterations of the dynamical 
systems of Bergman kernels. Using this decomposition, by the logarithmic pluri- 
subharmonicity of Bergman kernels we shall prove Theorem 11.81 The strategy 
of the proof is similar to the proof of the logarithmic pluri-subharmonicity of 
the relative canonical measure in |T9j . But here we need to use the double 
induction. 

Let / : X — > Y be an algebraic fiber space and let let D be an effective 
Q-divisor on X and such that Kx/y + D is /-big. We set 

Yq := {y G Y \f is smooth over y and (X y , D y ) is a KLT pair}. 

Let n = dim X — dimy be the relative dimension of /. Let dfj, can /x,D)/Y t> e 
the relative canonical measure (X, D), i.e., for every y £ Yq, 

(5-1) d^ can< (x,D)/Y\X y := (wK,y)abc> 

where uiK.y is the canonical Kahler-Einstein current on (X y , D y ). Let (W, (ti, ■ ■ ■ ,t s 
be a local coordinate on Y which is biholomorphic to the unit open polydisk 
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A s in C s with centre O. Let £q be a sufficiently large positive integer and 
f*Ox (Iq\(K x /y + D))\W is generated by global sections {n, • • • ,tm} on W. 
We set 



(5.2) h* P := J2 



M \ 
2 



Ti 



Then /ip is a singular hermitian metric on K x /y + D\f 1 (W) with semipositive 
curvature current. We note that h* p corresponds hp ■ hpj in (14. 2\i . We set 

(5.3) Wo := {y E W\h* p is an AZD of tf x/y + £>|XJ. 

Taking £o sufficiently large by the finite generation of relative log canonical rings 
( [B-C-H-M] ). we may assume that Wq is a nonempty Zariski open subset of W. 
Let A be a sufficiently ample line bundle on X such that for any pseudo-effective 
singular hermitian line bundle {F,hp) on X, Ox (A + F) <&T{}if) is globally 
generated on X and also for every y 6 Y and Ox y (A + F\X V ) (8 X(/ii?|X y ) 
is globally generated whenever hp\X y is well defined. Again such A exists by 
Nadel's vanishing theorem ([NJ p. 561]). Then for every y £ Wo, we consider the 
family of dynamical systems of Bergman kernels as in Section |4l Let us fix an 
arbitrary point y € Wo- We set 

(5.4) K 1Xy := K{X y ,A + a{K Xy + D y ),h A - {hp)*- 1 ■ h aD \X y ) 
and define a singular hermitian metric h\ t \ on A + a(Kx y + D y ) by 

(5.5) h x ,i,y ■= 

Suppose that we have already defined Kx^—i^ and hx,g-x,y Then we define 
Kt x and the singular hermitian metric h^x on A + £a(Kx + D) by 

(5.6) K lXy := K(X, A + £a(K Xy + D y ), h t _ 1Xy ■ (hp)"- 1 ■ {K D \X y )) 
and define the singular hermitian metric on A + £a(Kx + L) by 

1 



(5.7) he t x, y 



As in the proof of Theorem 14.71 we construct families of dynamical system of 
Bergman kernels {Ke,m,y}iLx f° r ever y V G Wo and m ^ 1. And by Theorem 
14. 7\ we see that if we define 

(5.8) K m y := the upper-semi-continuous envelope of limsup fl (£\)~~ n Ki m y , 
then 

(5.9) h rn ^y '.= K m y 

is a singular hermitian metric on a(Kx + D) with semipositive curvature in the 
sense of current. And if we define the closed positive current Lu m ,y on X y by 

(5-10) u m , y :=V^l®h m . y , 
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then {u> m ,y}m=i sa tisfy the successive equations: 

(5.11) - Ric Wm v + a 1 u m -i,y + 2tt[D]\X v = u) m<y 

on a nonempty Zariski open subset U y of X y defined as ()3.24p for m ^ 1 by 
Theorem E21 

UK,y '■= — hni U> m ,y 
CL m—>oo 

exists in C°°-topology compact uniformly on U y and also in the sense of current 
on X y . Then lok. v is the unique solution of the equation: 

-Ric WK!; + 2tt[D]\X v = uj k , v 

such that n\ {(uK,y)2bc)~ is an AZD of Kx y + D y . i.e., ujk, v is the canonical 
Kahler-Einstein current on (X y ,D y ). 

Now we quote the following theorem mainly due to B. Berndtsson. 

Theorem 5.1 ffH E3 W^l ) Let f : X — > S be a projective family of 
projective varieties over a complex manifold S . Let S° be the maximal nonempty 
Zariski open subset such that f is smooth over S° . 

Let be a pseudo- effective singular hermitian line bundle on X. 

Let K s := K(X S , Kx + L \x s , h \x s ) be the Bergman kernel of Kx 3 + [L\ X s ) 
with respect to h \ X s for s G 5° . Then the singular hermitian metric h of 
K x /s+L\f- 1 {S°) defined by 

h\X s := K^iseS ) 

has semipositive curvature on f~ 1 (S°) and extends on X as a singular hermitian 
metric on K x /s + L with semipositive curvature in the sense current, rj 

Now we define the family of Bergman kernels by 

(5.12) Kt im \X y — Kt iniiy 
over Wo and set 

(5.13) Kim := f ne upper-semi-continuous envelope of Kg^ m . 

And we define the singular hermitian metric hi m on A+£a(K x /Y+L))\f~ 1 (Wo) 

by 

(5-14) h t , m := (KIJ- 1 . 

Now by Theorem 15.11 and (|5.4p . we see that h\^\ has semipositive curvature in 
the sense of current on / _1 (W / o) an d extends to a singular hermitian metric of 
semipositive curvature current on f~ 1 {W). Then by the induction on £, using 
Theorem 15.11 and (|5.6[) we see that hi } \ has has semipositive curvature in the 
sense of current for every i and extends to f~ 1 (W) as a singular hermitian 
metric on A + £a(Kx/y + L>)\f^ 1 (W) with semipositive curvature in the sense 
of current. We define K\ on f~ 1 (Wo) by 

(5.15) Kx\X y = K liy (y e W ) 
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and set 



(5.16) K* := the uppcr-scmi-continuous envelope of K\. 

Then by Theorems 14.71 and 15. 1[ we see that the singular hermitian metric: 

(5.17) h\ := (Kl)- 1 

on a(Kx/Y+D)\f~ 1 (Wo) extends to a singular hermitian metric hi on a(Kx/Y+ 
D)\f~ 1 (W) and the extended metric has semipositive curvature in the sense of 
current. We denote the extended metric again by h±. 

Now we begin the second induction. Repeating the same argument replacing 
h* P by /ii, we define the singular hermitian metrics {ht^f^i and hi similarly 
as above and conclude that all of these metrics have semipositive curvature in 
the sense of current on f (W). Thus inductively, we obtain the sequences 
of singular hermitian metrics {h*,m}fjLi on ^ + ^ a (-^x/Y + D)\f~ 1 {W) and 
{h m }m=i on a (Kx/Y + D)\f~ 1 (W). And all these metrics have semipositive 
curvature in the sense of current. Hence by Theorem 14.71 we see that 

(5.18) hpc = the lower-semi-continuous envelope of liminf h m 

m — >oc 

is a well defined singular hermitian metric on a(Kx/Y + D)\f~ 1 (W) and has 
semipositive curvature in the sense of current. The relative canonical measure 
d/J'can,(x,D)/Y of (X,D) with respect to / : X — > Y is related to hx as 

(5-19) d[i can (x,D)/Y = ■ h aD 

almost everywhere on f~ 1 (W). Again by Theorem 14.71 and Theorem 14.91 we 
see that hx does not depend on the choice of W and the metric hp (cf. (15. 2j) ) 
above. Hence we conclude that the logarithm of the relative canonical measure 
dfJ-can.(x,D)/Y ^ s pluri-subharmonic on X, more precisely hj< is naturally defined 
on I as a singular hermitian metric on a(Kx/Y + D) and has semipositive 
curvature in the sense of current. This completes the proof of Theorem II .81 

The proof of Theorem 11.91 is similar, The only difference is that since the 
Hodge metric is singular, we need to consider the smoothing as in |T9j . 

The proof of Theorem 1 1.1 41 is similar. 

Theorem 11.101 is obtained by Theorem 11.81 by passing to the limit by using 
Theorem ES Q 

6 Weak semistability of relative log canonical 
bundles 

In this section, we shall prove the weak semistability of relative pluri-log-canonical 
bundels as an application of the logarithmic pluri-subharmonic variation prop- 
erty of canonical measures for KLT pairs. The proof depends heavily on Viehweg's 
idea. But we use the logarithmic pluri-subharmonicity of canoncial measures 
(Theorem 16. 5[) instead of variation of Hodge structures and the branched cov- 
ering trick. 
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6.1 Weak semistability 

First we shall recall several definitions in [V . To measure the positivity of 
coherent sheaves, we shall introduce the following notion. 

Definition 6.1 Let Y be a quasi-projective reduced scheme, Yq C Y an open 
dense subscheme and let Q be locally free sheaf on Y , of finite constant rank. 
Then Q is weakly positive over Yq, if for an ample invertible sheaf TL on Y 
and for a given number a > there exists some (3 > such that S a '^(Q) (£) TiP 
is globally generated over Yq. rj 

The notion of weak positivity is a natural generalization of the notion of nefness 
of line bundles. Roughly speaking, the weak semipositivity of Q over Yq means 
that Q ® Ti e is Q-globally generated over Yq for every e > 0. 

Definition 6.2 Let J- be a locally free sheaf and let A be an invertible sheaf, 
both on a quasi-projective reduced scheme Y . We denote 

(6.1) Fh- A, 

a 

if S 11 ^) <8> A~ b is weakly positive over Y , where a, b are positive integers, rj 
Let X be a normal variety. We define the canonical sheaf uj x of X by 
(6-2) ux-=i*0 Xr . t (K Xr J, 

where i : X reg <— > X is the canonical injection. The following notion introduced 
by Viehweg is closely related to the notion of logcanonical thresholds. 

Definition 6.3 Let (X, T) be a pair of normal variety X and an effective Cartier 
divisor T. Let ir : X' — > X be a log resolution of (X, T) and let T' := tt*T. For 
a positive integer N we define 



r 

N 



and 

(6.4) C x (r,iV) = Coker|^|^| -* w x 

If X has at most rational singularities, one defines : 

(6.5) e(T) = min{iV > 0\C x (T,N) = 0}. 

If C is an invertible sheaf, X is proper with at most rational singularities and 
H (X, jC) 7^ 0, then one defines 

(6.6) s(C) — sup{e(r)|r : effective Cartier divisor with O x (T) ~ £} . 
□ 

Now we state the result of E. Viehweg. 
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Theorem 6.4 ('V, p. 191, Theorem 6.22]) Let f : X — > Y be a flat surjective 
projective Gorenstein morphism of reduced connected quai-projective schemes. 
Assume that the relative canonical sheaf ujx/y '■ <8> f^y 1 ■ * s f -semi-ample 
and that the fibers X y — / _1 (y) are reduced normal varieties with at most 
rational singularities. Then one has : 

(1) Functoriality: For m > the sheaf f*&x/Y * s l° ca My f ree °f rank r(m) 
and it commutes with arbitrary base change. 

(2) Weak semipositivity: For m > the sheaf f*u>x/Y * s wea ^U positive 
over Y . 

(3) Weak semistability: Let m > l,e > and v > be chosen so that 

f* W X/Y ^ ^ an ^ 

(6.7) e ^ sup ^—^-j,e{cj k Xy ) ; for y S y\ 
hold. Then 

(6.8) S^xiy >= dct(/ * w V) 
holds. [-] 

The weak semistability of f*Wx/y * s ver y important in the application of the 
weak semipositivity. For example, if dimY" = 1 and degdet(/*w™^ y ) > hold, 
then for a sufficiently large r S r (f^uj T x ^ Y ) is globally generated. Moreover by 
the finite generation of canonical rings ( |B-C-H-Mj ). for every sufficiently large 
m, f^tu^y is globally generated on Y. 

6.2 Weak semistability of the direct image of the relative 
log canonical bundle of a family of KLT pairs 

Now we state our generalization of Theorem 16.41 

Theorem 6.5 Let f : X — > Y be an algebraic fiber space and let D be an 

effective Q divisor on X such that (X, D) is KLT. Let Y° denote the complement 
of the discriminant locus of f . We set 

(6.9) Y := {y G Y\y € Y°, (X V ,D V ) is a KLT pair} 

(1) Weak semistability 1: Let r denote x&ri\t f*Oxi\jn{Kx/y + Let 
X r := X Xy X Xy ■ ■ ■ Xy X be the r-times fiber product over Y and let 
j?r . x r — t Y be the natural morphism. And let D r denote the divior 

on X r defined by D r = 2j=i 7r i D> where TTi : X r > X denotes the 

projection: X r 3 (xi, ■ ■ ■ ,x n ) i— > xi € X. 

There exists a canonically defined effective divisor T ( depending on m ) on 
X r which does not conatin any fiber X y {y € Y°) such that if we we define 
the number Eq by 

(6.10) £ := sup{e | {X r D r + sT y ) is KLT for all y e Y°}, 
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then for every < e < Sq, there exists a singular hermitian metric h ri 



on 



(6.11) (J- + £ S jr([m(K x/Y +D)\)-e-rdetf lt O x ([m(K x/Y + D)\y* 
such that 

(a) @h m = holds on X in the sense of current. 

(b) For every y G Yq, h m ^\X y is well defined and is an AZD of 

r([m(K x/Y +D)\)-e-rdetf,O x ([m(K x/Y +D)\y*\X y . 

(2) Weak semistability 2; In addition, suppose that K x /y + D is Q-linear 
equivalent to a Cartier divisor G on X . Then for every m ^ 1 and a 
rational number < e < Sq, there exists an ample line bundel A on Y 
such that for every sufficiently large positive integer £ with £e G Z>o, 

f*O x (£mG) <g> (det f*O x {mG)y l£ <g> Oy(A) 

is globally generated over Yq. And for every suffficiently large £ 

(6.12) hO x {tmG) b t— tt- r- det f*O x (mGf e 

1 + (1 + me)£r 

holds over Yq . r- 1 

The main advantage of Theorem 16.51 to Theorem 16.41 is that we do not assume 
the /-semiampleness of the relative log canonical bundles. 



6.3 Proof of Theorem 16.51 

Let us prove Theorem 16.51 The proof follows closely the one of Theorem l6.4l in 
[V] . But we replace the use of branched coverings in [V] by the use of Theorem 
11.141 This enables us to get rid of the assumption that K X j Y is /-semiample. 

Let us start the proof. Let / : X — > Y be an algebraic fiber space. 
Let Yq be the Zariski open subset of Y defined as (|6.9j) above. For r = 
rank f*O x ([m{K x/Y + D)\) we set X r := X x Y X x Y ■ ■ ■ x Y X be the r- 
times fiber product over Y and let f r : X r — > Y be the natural morphism. 
Then we have the natural morpshim 
(6.13) 

det UO x ([m(K x/Y +D)\) - & f»O x {\m{K x/Y +D)\) = fl<D X r{\m{K xr /Y +D 

Hence we have the canonical global section: 
(6.14) 

7 G H° (X r ,r(detf*O x (lm(K x/Y +D)\))- 1 ®0 X r(lm(K xr/Y +D r )\)) . 

Let T denote the zero divisor of 7. It is clear the T does not contain any fiber 
over Yo- Now we define 80 as (|6.10|) . Let us take a positive rational number 
e < So- We set 

(6.15) 6 := — \mD r \ +eT. 

m 



54 



Then there exists the relative canonical measure dfi can ( X r ,e) on / : (A r , 6) — > 
Y as in Theorems 11.71 and 11.141 By the logarithmic pluri-subharmonicity of the 
relative canonical measure (Theorem II. 14j) . we see that 

(6.16) V^ldd\ogd^ can , {x -,e)/Y ^ 
holds on X in the sense of current. We set 

(6.17) H m , E := d^ n {xr @)/Y 
Then H mjS is an singular hermitian metric on 

(6.18) (~ +e\ ([m(K xr/Y + D r )\) - e ■ f* det f,O x ([m(K x/Y + D)\) 

with semipositive curvature current by Theorem 1 1 . 1 41 and H mt£ \X y is an AZD 
of 

(6.19) 

fl + e\ ([m{K X r /Y + D r )\)\X r y - e ■ f* det f,O x {[m(K x/Y + D)\)\X r y 

for every y S lb- Let h m , £ be the restriction of H m e to the diagonal A(X r ) of 
X r . Then since the restriction of (|6.18p to A(X r ) ~ X is isomorphic to 



(6.20) L 



^ + ^ r( [m(K x/Y +D)\)-e-f* det f,O x ([m(K x/Y +D)\), 



this implies that h m ^ E is considered to be a singular hermitian metric on L with 
semipositive curvature in the sense of current and for every y G Yq, h m , e \X y is 
an AZD of the restriction of L\X y . 

Now we shall prove the assertion (2) in Theorem 16.51 Let G be a Cartier 
divisor on X which is Q-linear equivalent to K x / Y + D. For a positive rational 
number t we consider 

(6.21) e t :=(l + t)D r +eT 

instead of in (|6.15|) above, where we have considered D (resp. D r ) with the 
Cartier divisor G — K x / Y (resp. G r — K Xr / Y ). Then we obtain the Q-line 
bundle: 

(6.22) L{t):= rK x/Y + (1 + t)rD + ermG - e ■ f* det f*O x (mG) 

and a singular hermitian metric h m ^ e (t) on L{t) with semipositive curvature in 
the sense of current and for every y S Yq, h m , e (t)\X y is an AZD of L(t)\X y . Let 
£ be a positive integer such that Is is a positive integer. And we set t = \jlr. 
We note that if we have taken I sufficiently large, then t is enough small so that 
(A r , 9 t ) is still a KLT pair. Then 

(6.23) K x/Y + tL{t) = ((1 + Ir) + iemr) G - le ■ f* det f*O x {mG) 

holds. Let us fix a C°° volume form dV Y on Y. 

Let (A, Ha) be a sufficiently ample hermitian line bundle on Y such that for 
every point y G Y , the followings hold: 
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(1) There exists a local coordinate (U,t) with biholomorphic to a open unit 
polydisk A™ in C" with center O and t(y) = 0, 

(2) For y e Y and (U,t), there exists ape C°°(Y) such that Suppp CC 
f _1 (A n ) and p = 1 on a neighbourhood of y. 

(3) Ric dVy + (2 dim Y)V — ldd(p log \t\) + \J — IQa dominates a Kahler form 
on Y, where \t\ = ^E^i MV = ' ' ' = dimK). 

Such a hermitian line bundle (A, Ha) certainly exists. Then since h m ^ e {t) has 
semipositive curvature in the sense of current, by the choice of {A, Ha) and the 
L 2 -extension theorem ( [OlIO-T] ). we see that for every y G Y and any element 
of 

H°{X yi O Xy ((l + (1 + me)lr)G) ®l(h m ^tf\X y )) 
extends to an element of 

H°(X, O x ((l + (1 + me)lr)G + f* A - ief* det /,0 x (mG)) ® l[h mtS (tY). 

We note that — (1 + me)^r)G|X y = D\X y is effective. Then since 

h m , e {t)\X y is an AZD of L(t)\X y , 

(6.24) 

H (X y ,O Xy ((l+(l+me)£r)G)) - H°(X Vl O Xy ((l+(l+me)er)G)®l(h m ,Sf\X y )) 

holds. Hence we see that for every sufficiently large I with G Z>o, 

f*0{lmG) (det (mG))~ fc ® Oy(A) 

is globally generated over Yq. Then ()6.12j) follows from the finite generation 
of the relative log canonical bundles ( [B-C-H-M] ). This completes the proof of 
Theorem 16.51 rj 
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